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The electric microfield distributions have been calculated using an integral-equation method for one-component
plasmas proposed by Iglesias [1] and the coupling-parameter integration technique for two-component plasmas
proposed by Ortner et al. [2]. Electric microfield distributions are studied in the frame of the Kelbg pseu-
dopotential model, taking into account quantum-mechanical effects (diffraction, quantum symmetry effects)
and screening effects. The screened pseudopotential is represented in a numerically approximated form. The
results are compared with simulation results obtained by other authors.
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1 Introduction

Strongly coupled plasmas are of great interest for the physics of matter under extreme conditions. Astrophysi-
cal problems such as the description of stellar and planetary interiors have stimulated this interdisciplinary field
from the beginning. Strongly coupled plasmas are intensively studied in material sciences, physical chemistry,
condensed matter and high-pressure physics, and as a special topic in plasma physics. In addition, fundamental
problems of many-particle physics are closely related to this field. Charged particles as the elementary con-
stituents of plasmas, e.g. electrons and ions or electrons and holes in semiconductors, interact via the long-range
Coulomb potential so that many-particle effects such as dynamical screening and self-energy, Pauli blocking and
degeneracy, dynamical local-field effects and structure factor have to be treated. Therefore, the precise diagnos-
tics of strongly coupled plasmas gives us a tool to test several concepts of theoretical physics and in particular
quantum statistics. Today the physics of strongly coupled plasmas is of outstanding relevance for major projects
in inertial confinement fusion research using high-power lasers or intense heavy ion beams. Plasmas in unusual
situations as in traps or in dimensionally reduced semiconductor structures gain in importance. Many fundamen-
tal but also demanding technical problems are closely related to the physics of dense plasmas.

The problem of determining the electric microfield distributions (EMD) is conventionally divided into two
parts due to the existence of two different time scales in a plasma. On the time scales comparable to the electron
relaxation time the plasma medium may be considered as a gas of electrons immersed in a positively charged neu-
tralizing background of ions and, thus, the Coulomb forces act at the observation point to generate the microfield
distribution. This distribution is called the high-frequency component of the microfield since the electron relax-
ation time is dramatically less in magnitude then that one of the ions. The low-frequency component, appearing
on the scale of the ion relaxation time, is then introduced by noting that it is governed by the dynamics of ions,
surrounded by electron clouds, and, consequently, the shielded Coulomb forces at the observation point should
thoroughly be considered. In recent works it is argued that the low-frequency component of electric microfield
also influences the fusion rates [3] - [5] and the rates for the three-body electron-ion recombination in dense
plasmas. For details of these applications concerning the low frequency component we refer to the recent survey
in this journal [5].
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This work is devoted to the discussion of several principal problems in plasma physics, not primarily to ap-
plications which were surveyed only recently in this journal [5]. The main problem in the present work is the
transition from one-component models of electric microfield distributions to two-component models taking in
this way the slowly changing components into account.

Since the pioneering work of Holtsmark [6] who studied one-component model and completely neglected cor-
relations between particles much of the efforts has been concentrated on a theory of the microfield distribution
including the collective events in a plasma. The first remarkable advance was made by Baranger and Mozer [7,8]
who wrote the distributions of high- and low-frequency components of the microfield distribution as expansions
with respect to the correlation functions which then had been terminated at the pair correlation. However, it
was argued that such an approach is valid only for low density, high-temperature plasmas where deviations from
Holtsmark’s original distribution, corresponding to the first term in the series, are not large. Afterwards, Hooper
and Tighe [9] - [11] reformulated this expansion in terms of other functions by introducing a free parameter.
The disadvantage of this method is the choice of a free parameter on the basis of the vague argument arriving
at a plateau where there is no dependence on the free parameter itself. To improve these results Iglesias and
Hooper [12] included in the analysis the Debye chain cluster expansion similar to that of Ursel and Mayer [13].
Quite an analogous approach, now known as APEX, was proposed by Iglesias, Lebowitz et. al. [14] - [16] but
the free parameter, called adjustable, had been chosen to satisfy the second moment rule for the electric field
strength. In the early 1980’s, following the idea of Morita on the similarity of the representation of the microfield
distribution to that of the excess chemical potential, Iglesias [1] virtually reduced the problem to the determi-
nation of the radial distribution function (RDF) for a fictious system with an imaginary part of the interaction
potential energy. This technique has the advantage that the knowledge of the two-body function gives the Fourier
transform of the microfield distribution exactly without knowing many-body functions [7, 9, 11]. This method
was used for the calculation of the high-frequency component for the so called semiclassical Deutsch model,
where not only the quantum-mechanical effects of diffraction but also screening field effects were taken into ac-
count [17] - [19]. Employing Iglesias’s idea, Lado developed an integral-equation technique for calculation of the
RDF and a good agreement with computer simulations was obtained. Another point of interest is the inclusion
of quantum-mechanical effects. This was done by Held and co-workers [20] - [22] at high temperatures when
the Landau length is smaller than the thermal de Broglie wavelength of electrons. The pseudopotential and the
corresponding correlation functions were then used in the framework of the Baranger-Mozer expansion to find
both a very rich picture for the microfield distribution behaviour, depending on plasma parameters region, and
agreement with other approaches as well [23].

In this paper the free charges (electrons and ions) will be simulated by a semiclassical dynamics with interac-
tions described by pseudopotentials (effective potentials). The idea behind the semiclassical methods is to include
the quantum-mechanical effects by appropriate pseudopotentials. This method was pioneered by Kelbg, Dunn,
Broyles, Deutsch and others [24] - [28] and later significantly improved [29, 30]. Since we have to include also
the screening field effects, we derive pseudopotentials taking into an account not only the quantum-mechanical
but also screening field effects by using Bogoljubow’s method as described e.g. in Falkenhagen’s book [31].

Within most of the previous calculations of electric microfield distribution, created by only one of the compo-
nents, the influence of the second component was totally neglected. A common assumption for the high-frequency
component is that the system of negatively charged particles is immersed in a uniform neutralising background.
This is the so called one component plasma (OCP) model. For the ion subsystem, in a first approximation, the
electrons are assumed to move freely through the plasma. Since the electrons are much faster than ions, they
are treated as a smeared negative charged background. For simplicity, this system is assumed to be in thermal
equilibrium, uniform in the density and macroscopically neutral. A more realistic model should also take into
account the variation of the background charge density. A background charge distribution which differs from a
uniform distribution results in a screening of the ion charge, the screening strength is generally frequency de-
pendent, meaning that it depends on the ion velocity. In a first approximation one can neglect the frequency
dependence of the screening. Then one can talk of an OCP model on a polarization background POCP, which is
used for the description of the low frequency part [32] - [34]. However, both these models fail to include correctly
the correlations between the electron and the ion subsystem. To include these correlations the two-component
plasma model (TCP) will be used here.

Beyond new possible applications we would like to point out the following important principal statement: In
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any classical many-component plasma model with discrete positive and negative charged components the mi-
crofield distribution is divergent. This is due to the divergence of the fields between positive and negative point
charges at small distances. This problem can be resolved only by including quantum-mechanical effects, this
will be done here based on the ideas of Kelbg and coworkers. As a result it will be shown that the resulting
distributions for the total electric field are quite similar to the Holtsmark distribution. However, to conclude that
this demonstrates the irrelevance of the heavy components is completely unjustified. On the contrary, one should
accept, that the one-component model, so-called OCP, is an unphysical model which describes at best limiting
cases. Deviations from the Holtsmark theory we observe mainly in the region of high fields. This is exactly the
region where the quantum effects incorporated into the Kelbg potential at small distances lead to a modification
of the fields. We consider these arguments as a justification to concentrate on the investigation of the total field
created by electrons and ions.

For simplicity we restrict ourselves to the case of a TCP which is anti-symmetric with respect to the charges
e− = −e+ and symmetrical with respect to the densities n+ = ni = n− = ne. We will calculate here the elec-
tric microfield acting on electrons in TCP including quantum effects in comparison to the corresponding OCP
case. The methods which are used for the calculation are an integral-equation method for one-component plas-
mas as proposed by Iglesias [1] and the coupling-parameter integration technique for two-component plasmas
introduced by Ortner et al. [2]. The electric microfield in a TCP has been studied also by Yan and Ichimaru [35]
and a few other authors [2] - [5]. We would like to underline again that the inclusion of both components into the
theory and a correct account of the short-range electron-ion interactions, is very essential for an understanding of
the high field wing of the electric microfields in the plasma. Therefore we will pay special attention to this point.
By including two components we are able to calculate the microfields acting on electrons. Usually one considers
the microfield on a place in vacuum and assumes that this is at least approximately valid also at the place of an
atom or molecule. Here we locate an electron at the place where the field is calculated. However there is an open
problem: We can not make in our framework an explicite difference between free and bound electrons. In order
to do this in an explicite way we would have to include three-particle correlations, which is so far not possible
yet. We have to remain this point, which might be relevant for applications, open to further investigations.

2 Pseudopotential Model

In calculations of electric microfields pseudo-potentials play a crucial role . In particular, the Kelbg potential [36],
obtained by perturbational theory, is frequently used although it does not take into account collective effects:

ϕab(r) =
eaeb

4πε0
F (r), (1)

with
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1 − e−r2/λ2

ab

r
+

√
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√
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� is the Planck constant and kB is the Boltzmann constant.
The Kelbg potential is a good approximation in the case of small interaction parameters

ξab = −(eaeb)/(4πε0kBTλab) if the interparticle distance r is sufficiently large. In order to attain the correct
behaviour also at small distances the corrected Kelbg potential defined in [37]
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Here ς(x) denotes Riemann’s Zeta-function.
It is of great interest to get an analytical expression for the screened pseudopotential Φab(r), which takes into

account both quantum-mechanical effects of diffraction as well as symmetry and screening effects. In this work
we apply the method described in [31], which is primarily based on Bogoljubow’s works [38]. Unfortunately,
this method does not take into account the difference between λee and λei. However, expressions for the pseu-
dopotentials taking into account these differences were worked out in [39], [40]. Following [31], in the frame of
the pair correlation approximation, we derive the following equation :

Φab(r) =
eaeb

4πε0
Φ̃(r), (5)

where

Φ̃(r) =
1

2π2r
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0

4πkF̃ (k) sin(kr)
4π + χ2F̃ (k)

dk, (6)

with
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8π

k3λab
exp(−λ2

abk
2/4)

kλab/2∫
0

exp(t2)dt, (7)

and

χ2 =
1

r2
D

=
∑

a

nae2
a

ε0kBT
, a = e, i. (8)

Here F̃ (k) represents the Fourier transformation of the Kelbg potential F (r) and rD is the Debye screening
radius. This so called screened Kelbg potential can be calculated numerically. In Fig. 1 the parameter regions for
the calculated pseudopotentials are presented.

Fig. 1 The investigated parameter regions of an electron-proton plasma. The dashed lines correspond to the border lines for
degeneration of electrons and protons, respectively. Three different processes (indicated by the first number) are considered:
(1) = isothermal, (2) = ”isononideal” and (3) = isodense . For each process a number (3 or 4) of special points are considered,
which are given in the Table 1. Here, Γ = eaeb/(4πε0kBTra), rs = ra/rB , where ra = (3/(4πne))

1/3 is the average
distance of the electrons, with ne being electron density and rB is the Bohr radius. ”Lg” is the logarithm with respect to
basis 10.
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Table 1 Parameter sets depicted in the Fig. 1

Line = Process (1) = Isothermal (2) = Isodense (3) = “Isononideal”

Points 1 2 3 4 1 2 3 1 2 3

rs 52.55 13.13 8.76 5.25 13.13 9 5 2 2 2

Γ 0.2 0.8 1.2 2 0.8 0.8 0.8 0.4 0.2 0.1

n, 1021cm−3 0.01 0.7 2.4 10 0.7 2.2 12 200 200 200

T, 104K 3 3 3 3 3 4.38 7.88 39.4 78.83 160

In the Fig. 2 the different comparative pseudo-potentials are presented. potential behaviour strongly depends
on the parameter regions.

Fig. 2 Effective e − e and e − i potentials at T = 30000K with respect to rLandau = e2/(4πε0kBT ): eq. (1) Kelbg
potential (dotted line), eq. (3), (4) Corrected Kelbg potential (dash-dotted line) and eq. (5) Screened Kelbg potential (solid
lines) for the different densities: 4 : rs � 52.55; 3 : rs � 13, 13; 2: rs � 8, 75; 1: rs � 5, 25. parameters assigned to the
curves are those shown by the vertical line ((1,1) -(1,4)) in Fig.1.

3 Electric Microfield Distributions

The system we deal with consists of N charged particles immersed in a uniform neutralizing background. In
addition, when treating the problem of the electric field distribution at a charged point, a ”zeroth” particle must
be included. The total system is assumed to be in thermal equilibrium and macroscopically neutral.

Define Q(�ε) as the probability of finding an electric field �ε at a singly charged point located at �r0, due to
N charged particles moving in a uniform neutralising background and contained in a volume Ω. Then, if Z
represents the configurational partition function of the N + 1 particle system, we can write

Q(�ε) = Z−1

∫
· · ·
∫

d�r0d�r1 · ·d�rj · d�rNe
− V

kB T × δ(�ε − �E), (9)

where �rj is the coordinate of the jth particle, V is the potential energy of the system, and �E is the electric field
at �r0 due to the N charged particles in a given configuration.
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