
Quantum Wave Packet Dynamics: Langevin
Equations for Hamiltonian Systems imbedded

into a Heat Bath

Werner Ebeling� and Thomas Pohl†

�Institute of Physics, Humboldt-University Berlin, Invalidenstr. 110, D-10115 Berlin, Germany
†Max-Planck-Institute for the Physics of Complex Systems, Nöthnitzer Str. 38, D-01067 Dresden,

Germany

Abstract. In the last decade the relation beween classical and quantum statistics was carefully
investigated. Here we study this problem by making use of a wave packet dynamics. The theory is
applied to oscillators and atomic electrons embedded into an infinite bath of oscillators.

1. INTRODUCTION

The generalization of classical to quantum statistics is an old but still not yet completely
solved problem of physics [1, 2, 3, 4, 5] A problem of special interest is the formulation
of the second law in the quantum regime [1, 6, 7, 8]. Here we will study the behavior of
atomic electrons embedded in several statistical enviroments in the semiclassical regime.
We will use for our investigations the method of wave packet dynamics which was suc-
sessfully aplied to particle physics and plasma physics problems [9, 10, 11, 12, 13, 14].
Starting from the quantum dynamical variational principle one derives classical equa-
tions of motion for the parameters of a given trial wavefunction, which are Hamiltonian-
like under certain conditions. Because of the resulting Hamiltonian equations, this ap-
proach is found to provide some insights into the problem of fluctuations in the quantum
regime.

After a brief review of the method, we first discuss the statistical properties of a har-
monic quantum oscillator within the wavepacket approach. These results are used to
investigate the wavepacket dynamics of a harmonic quantum Brownian particle embed-
ded in an oscillator bath. Based on this model we study the ionization behavior of an
hydrogen like ion subject to strong fluctuations.

2. WAVE PACKET DYNAMICS AND THE VARIATIONAL
PRINCIPLE

In the following we briefly review the method we will use through out the paper, which
is based on the quantum dynamical variational principle. As proposed in [11] Gaussian
wavepackets will be chosen as an approximate wavefunction. The equations of motion
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are derived from the variational formulation of the Schrödinger equation

δ
� t2

t1

�ψ� ih̄∂t � Ĥ �ψ�dt � 0� (1)

For special applications the exact wavefunction is approximated by a trial wavefunction
ϕ �x� t;q�, which should be adapted to the problem under consideration. The shape of the
trial wavefunction is characterized by a set of N parameters q �

�
q1�q2� ����qN

�
, whose

equations of motion derived from Eq. 1 are given by [11, 12]

∂tq � �A��1 �∇qH � Aµν �
∂L

∂ q̇ν∂qµ
�

∂L
∂qν ∂ q̇µ

� (2)

where H is the expectation value of the Hamiltonian operator. For certain choces of the
trail wavefunctions the matrix A is of canonical type and Eq. 2 turns into Hamiltonian
equations, where the function H plays the role of an effective Hamiltonian. One class of
wavefunctions that fullfil this condition are Gaussian wavepackets of the form

ϕ
�

x;r�p�β � pβ

�
�

�
d

2πβ

�d�4

exp

�
�

�
d

4β
� ipβ

�
�x� r�2 � ip�x� r�

�
� (3)

Here the variables r, p, β , und pβ characterize the shape of the wavefunction according
to

• r - average position of the particle,
• p - average momentum,
• β - width of the wavepacket,
• pβ - time variation of the width.

Thus one has to solve a set of Hamiltonian equations for 2�d � 1� parameters, where d
is the dimension of the system. In this case the function H, which plays now the role of
an effective Hamiltonian, is given by

H �
p2

2m
�

h̄2d2

8βm
�

2h̄2

m
β p2

β � �ϕ�V̂ �x� �ϕ� � (4)

Here the first three terms correspond to the kinetic energy of the particle.
Let us now discuss two special choices of the external potential, describing a one

dimensional harmonic oscillator and an atomic electron in an external homogenous field.

3. THE HARMONIC OSCILLATOR

3.1. Dynamics and Statistical Thermodynamics of Gaussian
Wavepackets

Since the Schrödinger equation of an harmonic oscillator is separable for each of the
degrees of freedom, it is sufficient to consider the case d � 1. In this case the equations
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of motion for the parameters, derived from Eqs. 2 and 4, are given by

ẋ �
p
m

� ṗ ��mω2r�

β̇ �
4h̄2

m
β pβ � ṗβ �

h̄2

m

�
1

8β 2 �2p2
β

�
�

1
2

mω2� (5)

with ω being the frequency of the oscillator. In contrast to the potential presented in
the following section the dynamics of the width β does not couple to the dynamics of
the wavepacket center. The width shows an oscillating behavior, except for the fix point
r � p � pβ � 0 und β � h̄

2mω , which corresponds to the exact quantum mechanical

groundstate energy H � 1
2h̄ω . Beside the groundstate the system Eq. 5 does not account

for stable states, since the excited eigenstates can not be described with the trail function
Eq.3. However, the dynamics of a wavefunction, which is of Gaussian type initially, is
well described by Eq. 5, because such a function stays Gaussian under the action of
the corresponding quantum mechanical time evolution operator. In Fig. 1 we compare
the time evolution first three moments of the probability density calculated from the
Schrödinger equation and from Eqs. 3 and 5.
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FIGURE 1. Time evolution of the first three moments of the probability density of an initially Gaussian
wavepacket moving in an harmonic oscillator. The solid lines show the dynamics calculated from Eqs. 3
and 5, whereas the points are obtained from a numerical solution of the corresponding Schrödinger
equation..

After we have shown that the dynamics of a Gaussian wavepacket is well described
by the present approach, let us now investigate the statistical and thermodynamical
properties of the harmonic oscillator on the basis on this wavepacket treatment. Since
the time evolution of the parameters is described by Hamiltonian equations one may
interpret these parameters as classical phase space variables and formally introduce the
density of states in parameter phase space according to

ρ �Γ� � Z�1 exp��H �Γ��kBτ�� (6)

where the corresponding phase space partition function is given by

Z �
�

dΓe�H�kBτ � (7)

Here τ is an effective temperature which characterizes the dispersion in parameter space.
As we will see, in the classical high temperature limit the parameter space dispersion
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and the thermodynamical temperature approach each other (up to a constant factor).
However, the constant τ can not be interpreted as the absolute temperature even in the
classical limit [16] and one has to take care about the meaning of this quantity. A relation
between the parameter space dispersion τ and the absolute temperature T has to be
determined from known thermodynamical quantities

1
T

�
∂S
∂U

� S ��kB ∑
n

pn ln pn� (8)

Here U � 2kBτ � 1
2h̄ω has been derived from Eq. 7 and S is the quantum mechanical

entropy, calculated from the average occupation number of the n’th eigenstate of the
oscillator

pn �

�����ψn �x�� ϕ
�

x;r� p�β � pβ

�����2	�
�

ρ �Γ� ��ψn �x�� ϕ �x;Γ���2 dΓ� (9)

Evaluation of the integrals and substitution into Eq. 8 leads to the relation

kBT �
h̄ω

ln
�

1� h̄ω
2kBτ

� � (10)

which connects the parameter space dispersion with the physical temperature T . Let us
introduce a "parameter-space temperature"

kBT̃ � 2kBτ �
1
2
h̄ω �

1
2

coth

�
h̄ω

2kBT

�
� (11)

so that in the classical high temperature limit both temperatures are identical. Note that
only one of these temperatures can have an thermodynamical meaning, e.g. if one of the
quantities T̃ and T is fixed the other one depends on the eigenfrequency of the oscillator.

The temperature dependence of the average energy obtained from Eq. 7 together with
Eq. 10

U �
h̄ω
2

coth

�
h̄ω

2kBT

�
� (12)

yields the known result for a quantum harmonic oscillator.

3.2. Derivation of the Langevin equation

After the preliminary study of the statistical thermodynamics of 1-d oscillators we will
intoduce now the quantenmechanical Langevin-Gleichung for a Brownian oscillator,
on the basis of the wavepacket approach. Further we will investigate the fluctuation
dissipation theorem. Here we discuss the interpretation of the two temperatures T̃ and
T , e.g. the relation between the basic frequency of the oscillator central ω0 and the
running frequencies of bath modes, having in mind the problems discussed earlier by
Klimontovich [1].
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The Hamiltonian operator for a Brownian particle embedded in bath of harmonic
oscillator may be written as [4, 5]

Ĥtot � Ĥ � ĤB � ĤI

� Ĥ �∑
k

p̂2
k

2mk
�

1
2

mkω2
k q̂2

k �∑
k

ckq̂kx̂�
c2

k

2mkω2
k

x̂2� (13)

Here Ĥ, ĤB and ĤI denote the Hamilton operator of the Brownian particle, of the
bath and the interaction between particles and bath. The variables q̂k und p̂k describe
the dynamics of the modes of the bath and x̂ is the coordinate operator of the Brow-
nian particle. As we have shown above, the dynamics of harmonic oscillators is well
described by the Gaussian wavepacket approach. Assuming that all the masses are dif-
ferent mk �� ml ��k �� l� no symmetrization of the wavefunctions is required and we may
use a simple product representation of Gaussian wavepackets. This way we obtain the
effective Hamiltonian

Htot � H �∑
k

p2
k

2mk
�

h̄2

mk

�
1

8βk
�2βkpβk

�

�∑
k

1
2

mkω2
k



��xk �

ck

mkω2
k

x


2

�βk �

�
ck

mkω2
k


2

β

�
� � (14)

where the parameters xk, pk, βk und pβk
describe the mean position, the mean momentum

and the with of the Gaussian wave packets of the bath modes. Using the effective Hamil-
tonian Eq. 14 one derives the following classical Langevin equation for the parameters
[17]

ẋ � p�

ṗ � �
∂H
∂x

�
� t

0
γ �t� s� ẋ �s�ds�ξ �t� � (15)

where

ξ �t� � ∑
k

ck

��
xk �0��

ck

mkω2
k

x�0�



cosωkt �

pk �0�

mkωk
sinωkt

�
�

γ �t� � ∑
k

c2
k

mkω2
k

cosωkt (16)

is a gaussian noise term and the friction kernel due to the interaction with the heat
bath. The time correlation function �ξ �0�ξ �t��, e.g. the time correlation function of the
expectation values of the fluctuation operators, has no physical relevance, because for the
calculation of average values of observables, such as the energy of the Brownian particle,
one needs to know the expectation value of the correlation function 1

2 �� ξ̂ �0� ξ̂ �t�
�
�

�
,
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where � â� b̂ �
�
� âb̂ � b̂â denote the anticommutator of two operators. By using the

explicit form of the Drude-Ullersma spectrum [18, 8] for the coupling to the bath modes
and performing the necessary integrations we arrive at the following expression

γ�t� � γ �δ �t�

�ξ �0�ξ �t�� �
2γ∆
π ∑

k

�
2kBτ �

h̄
2

ωk

�
2γ∆
π

�
��� kBτ

mω2 � 4γ∆
πmkω2

k

�
h̄�

4m2ω2 � 16γ∆
πmkω2

k

�
���
�
���cosωkt

�
2γ
π

� �
2kBτ �

1
2
h̄ω
�

cosωt dω �
2γ
π

�
2kBT̃ cosωt dω� (17)

where T̃ is related to the temperature T according to Eq. 11. The question is now, how to
interpret these two temperatures. In the last section we have called T̃ the parameter space
temperature and T the physical temperature defined through the quantum mechanical
von Neumann entropy. Therefore, one should demand thermal equilibrium with respect
to the temperature T . This leads to a frequency dependent T̃ and thus we arive at the
known Nyquist form of the fluctuation-dissipation theorem (FDT)

�ξ ξ �ω � γh̄ω coth

�
h̄ω

2kBT

�
� (18)

In fact, this form of the FDT contradicts the second law of thermodynamics, since the
average energy calculated with the help of Eq. 18 depends on the kinetic coefficient γ .
This was pointed out in [6] and investigated later [7, 8].

The assumtion of different parameter space temperatures for each oscillator is justified
if there is no interaction between them, which is the case if the influence of the Brownian
particle on the bath modes can be neglected. But if there is a small nonlinear interaction
between the bath oszillators or if the indirect coupling between the bath modes due to
the term ckxkx�2 appearing in Eq. 14 has to be taken into account, the assumption of
different parameter space temperatures breaks down. In that case it is not clear how to
treat the two temperatures T̃ and T .

Let us point out here a connection between earlier work of Klimontovich [6] related to
this problem. We may demand that the equilibrium must be defined in parameter space
due to the interaction term in Eq. 14. If the Brownian particle is also in equilibrium with
the bath we can relate the parameter space temperature with the system temperatures via
the properties of the central oscillator and arrive at the FDT

�ξ ξ �ω � γh̄ω0 coth

�
h̄ω0

2kBT

�
� (19)

which was postulated by Klimontovich and shown to explain some results for the Lamb
shift known from quantum electrodynamics [6]. Obviously, this form of the FDT does
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not contradict the second law of thermodynamics. In the small coupling limit Eq. 18
goes over into Eq. 19 [6, 8].

This way, we may state here that in dependence on the context, the present wavepacket
approach leads either to the Nyquist form or to the Klimontovich form of the FDT.
However, the debate for the right treatment of this problem is not settled down yet.

4. DYNAMICS OF ATOMIC ELECTRONS

4.1. Atom subject to a strong periodic field

We start by studying an atom in vacuum under the influence of an external periodic
field. According to the formalism described in section 2 the effective Hamiltonian for an
atomic electron subject to a linearly polarized laser pulse is given by (atomic units are
used, if not stated otherwise)

H �
p2

2
�

9
8β

�2β p2
β �

1
r

erf

��
3

2β
r

�
�� �t�Ercos�ωt�� (20)

where � �t� � 1 describes the temporary shape of the pulse. The fourth term in Eq. 20
corresponds to an effective Coulomb potential seen by the electronic wavepacket. Due
to the absence of the Coulomb singularity the effective Hamiltonian provides one stable
stationary point in the case of an static external field (ω � 0, � �t� � 1)

r0 �E ��α �E �O
�
E2� � r0 	E � 0 � p0 � 0

β0 �
27

32Z2 π �
π4

2

�
27

32Z2

�3

E2 �O
�
E4� � pβ0

� 0� (21)

As can be seen in table 1, the groundstate energy and the polarizability of the model
atom determined from Eqs. 20 and 21 shows reasonable agreement with the quantum
mechanical values.

TABLE 1. Comparison of the groundstate energy and the polar-
izability of a hydrogen-like ion calculated quantum mechanically
and from Eqs. 20 and 21.

wavepacket
model

quantum
result

discrepancy

groundstate energy �0�424 a�u� �0�5 a�u� 15%
polarizability 3�2 a�u� 4�5 a�u� 29%

After having assure good static properties of our model atom, let us now discuss
the dynamical behavior in a strong laser pulse, especially the ionization process. In
dependence on the laser parameters E0 �

��E0

�� and ω there are different channels for
the electron to leave the core, multi-photon ionization [19], quasistatic tunneling [20]
and barrier supression ionization (BSI) [21]. Obvously, neither tunneling nor photon
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absorbtion can be described within the wavepacket model discussed above, since neither
discrete transitions between certain states nor a splitting of the wavefunction is included
in the used ansatz of a single Gaussian wavepacket. However, for sufficiently large field
strength, the Coulomb barrier may be supressed below the ionization thresshold, so that
the electron is able to escape over this barrier. In this barrier supression ionization (BSI)
regime, classical and semiclassical pictures have been found to work well. In [14] we
have shown that the discussed model provides an resonable extension to the case of three
dimensional Coulomb potentials of the so called "wavepacket spreading model" which
has been sucsessfully applied to BSI in an one dimensional screened softcore potential
[22].

If the field is strong enough so that nearly all excited states are destroyed the ionization
probability can be well approximated by the groundstate population according to PI�t��
1� PG�t�, which is obtained from the overlapp of the initial groundstate wavepacket
(Eq. 21) and the time dependent wavefunction

PG �

�
36β0β

D

�
exp

�
�

3
2D

��
9B� pβC

�
r2 �4β0βBp2 �Cpr

��
� (22)

where B � β �β0, C � 16pβ β0β 2, D � 9B2� pβ β0C and β0 is given by Eq. 21. In Fig. 2
we compare the calculated ionization probability as a function of time for a frequency
of ω � 0�1 a�u�, a Gaussian pulse shape containing 20 laser cycles and different field
amplitudes and compare this result with a semiempirical rate formula which has been
obtained by a fit to numerical ab initio solutions of the full quantum problem [21]. For
to low field strenght tunneling is the dominant process and thus the curve calculated
from the wavepacket dynamics decreases to slow. For field strenght larger than the BSI
thresshold the agreement rapidely becomes better since the tunneling does not contribute
in that case. With increasing field strenght both curves start to deviate at larger times,
because the long distance behavior of the true groundstate wavefunction is not exactly
described by the Gaussian ansatz.
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FIGURE 2. Groundstate population as a function of time an external frequency of ω � 0�1a�u�, a pulse
lenght of N � 20 and different field strenght. The solid line shows the results of the wavepacket dynamics
together with Eq. 22 and the dashed line shows the population calculated from the ionization rate proposed
in [21].

However, we may conclude that the dynamics of barrier supression ionization caused
by a time dependent and space independent external force is adequately described by
the present wavepacket formalism.
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4.2. Dissipative Dynamics - Ionization due a surrounding harmonic
bath

Since, the fluctuating force acting on an atomic electron due to a surrounding har-
monic bath is of the type discussed in the previous section, we can expect a good de-
scription of the BSI-process in the framework of the wavepacket approach. According
to section 3.2 the equations of motion for the wavepacket parameters read

ṙ � p � ṗ � ∇r

�
Z
r

erf

��
3

2β
r

��
� γp�ξ �t��

β̇ � 4pβ β � ṗβ �
9

8β 2 �2p2
β �Z

�
3

2πβ 3 exp

�
�

3r2

2β

�
� (23)

Since the BSI picture holds only in the case of strong external perturbations and a fast
release of the electron wavepacket, we may restrict ourselves to the high temperature
limit, where the spectrum of the fluctuations becomes

�ξ ξ �ω � 2γkBT� (24)

Analogous to the approach in the prevous section we calculate the ionization probability
as a function of time simple from the overlapp Eq. 22, where the parameters are now
evolved by solving Eq. 23. The average ionization probability is obtained by averaging
over an ensemble of 100000 trajectories. In Fig. 3a we show the resulting ionization
probability for a fixed temperature and two different friction constants. As can be seen,
after a short equilibration the system settles into a exponential decay region. From the
slope of those curves we calculate the corresponding ionization rate, which is shown
in Fig. 3b. Note that counterintuitively the ionization rate increases with a increasing
damping constant.
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FIGURE 3. Groundstate population as a function of time for k BT � 20 a�u� (a) and fitted ionization
rate (b) at three different damping constants: γ � 1 a�u� (circles), γ � 0�1 a�u� (squares) and γ � 0�01 a�u�

(triangles).

5. CONCLUSIONS

In conclusion we have shown that the problem of quantum brownian motion in a
harmonic oszillator can be treated in the framework of a wavepacket approach [9, 10, 11,
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12, 13, 14]. The particle dynamics is described by classical statistics in parameter space
of the used trail wavefunction. There appear two different temperatures T̃ and T living in
parameter space or in the Hilbert space of the wavefunction, respectively. In dependence
on the temperature, chosen to define equilibrium, we arive either at the Nyquist form or
the Klimontovich form of the fluctuation-dissipation theorem.

As a second application of the wavepacket approach the semiclassical ionization
behavior of a hydrogen like ion embedded into a heat bath has been studied. The
calculated ionization rate is found to increase with both increasing temperature and
damping constant.
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