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Abstract. We study the kinetics and the distributions of nonequilibrium systems includ-
ing Gaussian and Levy-type stochastic forces. We develop the assumption that deviations
from the Maxwell distribution which are often observed in nonequilibrium systems may be
described by convoluted Gauss-Levy distributions. We derive these distributions by solv-
ing Langevin and Fokker-Planck equations for the velocities including two noise sources,
centrally distributed over Levy and Gauss functions. As an application, we estimate the
evolution of the velocity distributions of exploding Coulomb clusters analytically and by
simulations. We show the development of a shoulder in the distribution which is typical for
convoluted Gauss-Levy distributions.

1 Introduction

Levy-type distributions found applications to physical systems since nearly 100 years [1–5]. The stochas-
tic Holtsmark field acting on charged particles in a plasma is just one example of a force with a long
tail distribution. It was shown that this is the source of several interesting physical effects [2–4]. Since
stochastic fields generate stochastic accelerations of particles moving in the field, we may expect that
corresponding velocity and energy distributions with long tails are generated as predicted by several
authors [6–15].

In a recent work, we have shown that mixed (convoluted) Gauss-Levy distributions are candidates
for describing observed deviations from Maxwell distributions in plasmas and other systems [15–17].
The convolution corresponds to a product in the Fourier space. This way mixing a Gaussian with a Levy
component gives a velocity distribution of the type

fGL(v;α) =
1

π

∫ +∞

0

cos(vt) exp
(
−δtα − τ

2
t2
)
dt (1)

Here the coefficient δ gives the strength of the Levy-type contribution. This distribution is rather com-
plicated and depends on 3 parameters. The quantity τ is a kind of ”temperature” of the Gaussian body.
Later we will consider some scaling properties. Special cases of this distribution were already consid-
ered in the context of distributions for plasmas [15–17]. The corresponding distribution of kinetic energy
ϵ = mv2/2 is given by

f(ϵ;α) =
1

π

∫ ∞

0

dtt sin(t
√
ϵ) exp

(
− δ̃

α
tα − τ̃

2
t2

)
(2)

where δ̃ =
√

m/2δ and τ̃ = (m/2)τ . In Fig. 1 (left panel) we show the general behavior of the pure and
the mixed component of the velocity distribution for the Cauchy case α = 1 for different values of the
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parameters δ and τ as well as the corresponding behavior of the energy distribution for the Cauchy case
α = 1 using again different values of the parameters δ̃ and τ̃ . The representation of energy distributions
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Fig. 1. Comparison of a Gauss distribution with Cauchy and convoluted Gauss-Cauchy distributions. Left panel:
Gaussian distributions of the velocities (δ = 0, τ = 1, red line, fastest decay) compared with a Cauchy distribution
(δ = 1, τ = 0, green, slow decay) and 3 convoluted Gauss-Cauchy distributions (δ = 1, 2, 5,τ = 1, the curves
in between in the colors blue, magenta, turquoise). Right panel: Log-log plot of a Gauss distribution of the kinetic
energy (δ̃ = 0, τ̃ = 1, represented by red line, fast decay) compared with a Cauchy distribution (δ̃ = 10, τ̃ = 0,
green, slow decay) and 3 convoluted Gauss-Cauchy distributions (δ̃ = 1, 2, 5, τ̃ = 1, the curves in between in
colors blue, magenta, turquoise).

in Fig. 1 (right panel) shows that the convoluted Gauss-Cauchy distributions are at least candidates for a
description of the experimental data for exploding clusters data which also show a rather long energy tail
[18–20]. Further the Figure shows that the theoretical distribution eq. 2 has in the region of transitions
between the Gaussian body and the Cauchy tail a typical shoulder.

In some earlier work we already studied the influence of Levy noise on the velocity distribution
and discussed applications to rate processes [16]. Further we took into account that in a dense plasma
the stochastic forces have a more complicated distribution including a main body of Gaussian character
[17]. In the mentioned work we made the simplifying assumption that the real noise in an interacting
system, e.g. in a plasma, may be approximated by the sum of a Gaussian noise and a Levy noise. Here
the Gaussian noise models the usual small angle scattering of the particles and the Levy noise should
model the action of the electrical microfields, turbulent fields etc. and in particular their high field tails.
The problem of various noise sources in Langevin equation is well-investigated both for Gauss sources
(see, for example the classical work [3]) as well as for Levy sources [6,7]).
Levy sources of noise are usually connected with super-diffusion and Levy flights. There are many
examples of super-diffusion of different origin [10] including Tokamak plasmas [11,12] and turbu-
lent liquids [13]. The present work was stimulated by these works and by the observation that in many
nonequilibrium systems, in particular in turbulent systems [10–13], partially Gaussian distributions with
Levy-type wings are found. We mention further the observation of Levy statistics in many-particle quan-
tum systems (hard core bosons) [14]. Our interest is devoted here to systems were the stationary prob-
ability distribution functions are of Boltzmann-Gibbs-type with Levy-type wings. One of the possible
reasons could be additional noise sources with Levy character. We will consider here systems with two
noise sources with Gaussian and Levy-type probability distribution functions (PDF’s). As a specific
example of Levy distributions we will study Gauss-Cauchy distributions, which are analytically most
simple.
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Besides the general considerations, we study also some applications to exploding plasmas. This is a
particular example of a far from equilibrium system. The energy distributions and other properties were
studied experimentally and theoretically by a number of workers [18–21]. The existence of anomalous
diffusion in plasmas was observed experimentally at the edge of fusion plasmas [22]. A theoretical
explanations was given also by several authors [9,12] based on the hypothesis of Levy tails due to
turbulent effects in the plasma. We do not exclude this effect here but we include also Holtsmark-
type stochastic fields as an additional source of long tails. Based on this idea, we studied already in
our foregoing work [16,17] the evolution of the distribution functions and gave several applications to
exploding clusters. This line of research will be continued here.

2 Velocity and energy distributions for Levy flights

The rate of many elementary processes strongly depends on velocity distributions. Usually one assumes
here Maxwell distributions but the appearance of long tails might have a strong influence. The latter
will now be discussed within a simple model, taking into account such long tails of stochastic forces
as appearing e.g. due to the influence of electric microfields. The amplitude of the local electric field in
dilute plasmas is given by a Holtsmark distribution, i.e. by a symmetric Lévy law with exponent 3/2 [1,
3]. Simulations confirm also the existence of long tails of the distribution of the stochastic electric fields
in real dense plasmas [23].

Because of the stochastic character of the fields, we postulate a Langevin equation for the veloci-
ties with two statistically independent noise sources [17]. The Langevin equation for the velocity of a
particle with the mass m under influence of such fields can be written in the form

dv

dt
+ γ0v =

FL(t)

m
+

FG(t)

m
(3)

where FL(t) is the field strength with Levy PDF with short-time autocorrelations, FG is a force with
a Gaussian PDF, and γ0 a phenomenological friction coefficient. The two random forces, FL(t) and
FG(t) are independent random quantities, the first one, FL(t), being the actual value of the local field
(e.g. of an electric microfield), and the second one, FG(t), characterizing the intensity of collisions. The
(stationary) distribution of FL(t) is

W (FL) =
1

π

∫ ∞

0

dk cos(FLk) exp(−kασL) (4)

where 0 < α ≤ 2, and σL is the characteristic ”field strength” (the scaling parameter of the distribution).
For ideal plasmas α = 3/2 and σL = eEH = 2πe(4/15)2/3qn2/3, e is the charge of randomly located
particles creating the microfield, n is their density [1]. The procedure for the solution of eq. (3) is
well-known [3,6]. The formal solution of eq. (3) is

v(t) = v0 + exp(−γ0t)

∫ t

t0

exp(γ0t
′)

(
FL(t

′)

m
+

FG(t
′)

m

)
dt′ (5)

Let us assume first t0 = 0, γ0 = 0, as well as v0 = 0 to simplify derivations. By splitting the time
interval (0, t) into subintervals ∆tj such that

t∑
tj=0

(∆tj) = t,

one may replace the integral on the right side of (5) by sums of integrals

v =
1

m

t∑
tj=0

∫ tj+∆tj

tj

FL(t
′)dt′ +

1

m

t∑
ti=0

∫ ti+∆ti

ti

FG(ti)dt
′.
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Each integral over a ∆tk-subinterval, PL(tj) =
∫ tj+∆tj
tj

FL(t
′)dt′ and PG(ti) =

∫ ti+∆ti
ti

FG(ti)dt
′,

represents the momentum transfer during the corresponding interval due to the corresponding process.
These ones will be considered as independent random variables, possessing the Lévy and the Gaussian
distribution, respectively. Here, the presence of two sums means that the time intervals for various
noises may be chosen to be different. Note that the Gaussian noise in the standard Langevin equation is
usually assumed to be δ-correlated in time, while the Levy noise would normally have some non-zero
autocorrelation time, due to the fact that the field which is smooth in the space between charges, and its
changes are mostly due to the displacements of charges and of the particle of interest. In what follows
the corresponding intervals will be chosen the same and equal to ∆ti = ∆tj = ∆t. The physically
small ∆t may be chosen to be equal to the corresponding correlation time τcorr. Thus,

v =
1

m

N∑
j=0

PL(tj) +
1

m

N∑
i=0

PG(ti)

with N = t/∆t, i.e. is represented by the sum of independent random variables drawn from two differ-
ent distributions.

The transferred momenta PG are distributed according to the Gaussian law,

WG(PG) =
1√
πPG0

exp

(
− P 2

G

P 2
G0

)
(6)

where PG0 is the characteristic momentum transferred during the time interval ∆t due to collisions (we
may use the estimate P 2

G0 ≃ (mv)2∆tν where ν is the collision frequency). The momenta transferred
due to interaction via fields are distributed according to a Lévy law,

WL(PL) =
1

PL0
Lα

(
PL

PL0

)
where Lα(x) is the probability density function of a Lévy distribution of index α given by Lα(x) =
(1/π)

∫∞
0

dk cos(kx) exp(−kα). We denote the approximate probability distribution function of the ve-
locity v, depending on time, by

f(v, t) =

⟨
δ

v −
N∑
j=0

PL(tj)

m
−

N∑
i=0

PG(ti)

m

⟩ (7)

where δ(x) is Dirac’s delta-function and N = t/∆t is the overall number of intervals. The averaging
here is done over all random values PL(tj) and PG(ti). Passing to a Fourier representation of the δ-
function, one gets

f(v, t) =
1

2π

⟨∫ ∞

−∞
exp

iK

v −
N∑
j=0

PL(tj)

m
−

N∑
i=0

PG(ti)

m

 dK

⟩

=
1

2π

∫ ∞

−∞
exp(iKv)dK

N∏
j=0

N∏
i=0

⟨
exp

(
−iK

PL(tj)

m
− iK

PG(ti)

m

)⟩

=
1

2π

∫ ∞

−∞
exp(iKv)dK

N∏
j=0

N∏
i=0

Ii,j(K) (8)

where the integral Ii,j(K) equals

Ii,j(K) =

∫ ∞

−∞
WLdPL

∫ ∞

−∞
WGdPG exp

(
−iK

(
PL(tj)

m
+

PG(ti)

m

))
. (9)
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Moreover, Ii,j(K) = Ij(K)Ii(K), and the integrals Ij(K) and Ii(K) are easily evaluated, and

Ii,j(K) = exp

(
−Kα

(
PL0

m

)α

−K2

(
PG0

2m

)2
)
. (10)

This result we had expected since it corresponds to the PDF of a random value that is a sum of two
independent random values. In this case, the characteristic function of above random value is the product
of characteristic functions of the summed random values. Substituting the expression (10) into (8) one
finds

f(v, t) =
1

2π

∫ ∞

−∞
dK exp

(
iKv − |K|αN

(
PL0

m

)α

−K2N

(
PG0

2m

)2
)

=
1

2π

∫ ∞

−∞
dK exp

(
iKv − |K|αt

(
∆t

α−1
α FL0

m

)α

−K2t

(
FG0∆t1/2

2m

)2
)

(11)

where FG0 = PG0/∆t and FL0 = PL0/∆t are the typical forces of the corresponding nature acting
during the ∆t intervals. This result coincides with the result for free Levy flights for FG0 = 0 [6].
For α = 1 and FG0 = 0 our procedure leads to the well-known (time-dependent) Cauchy distribution
introduced above:

f(v, t;α = 1, FG0 = 0) =
(FL0/m)t

π(v2 + (FL0t/m)2)
(12)

For γ0 = 0, the PDF W (v, t) is broadening with time. This means that our PDFs may physically
describe only nonstationary situations. In order to bring the distribution to a stationary state we have
to introduce dissipation. We will use as a first approximation a Langevin equation with a friction term
γ0 > 0. Now we repeat the procedure with some changes. We split the time interval 0, t into small time
intervals ∆tj of length ∆t. Then the velocity v can be written as

v ≃
t/∆t∑
j=0

exp(−γ0(t− tj))
PL(tj)

m
+

t/∆t∑
i=0

exp(−γ0(t− ti))
PG(ti)

m
(13)

and differs from the previous case only in the fact that the contributions of the corresponding transferred
momenta to the final velocity decrease with time. Repeating the same procedures which were used in
(7) and (8) to determine the Wf (v, t), one finds the PDF for the Langevin equation with dissipation :

f(v, t) =
1

2π

∫ ∞

−∞
exp(iKv)dK

t/∆t∏
j=0

t/∆t∏
i=0

Ii,j(K)

= exp

−Kα

(
PL0

m

)α N∑
j=1

exp(−αγ0(t− tj))−K2

(
PG0

2m

)2 N∑
i=1

exp(−2γ0(t− ti))


≃ exp

(
−Kα

(
PL0

m

)α
1− exp(−αγ0t)

αγ0
−K2

(
PG0

2m

)2
1− exp(−2γ0t)

2γ0

)
, (14)

the only difference to the previous case being that the integrals Ii,j(K) depend on K via ti and tj .
For small t the result reduces to eq.(10). For large t, the characteristic function becomes stationary and
produces a stationary PDF f(v, t → ∞). For pure Gaussian noise we expect a Gaussian PDF for the
velocity :

f(v) =
1√
πvT0

exp

(
− v2

v2T0

)
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where vT0 is a corresponding equilibrium ”thermal” velocity. It means that

PG0

m
√
2γ0

= vT0 (15)

By including the Levy term the procedure provides the final PDF in form of a Fourier transform:

f(v, t) =
1

π

∫ ∞

0

dK cos(Kv) ·

= exp

(
−Kαδ0

1− exp(−αγ0t)

αγ0
− β0K

2 1− exp(−2γ0t)

2γ0

)
(16)

with
δ0 = Γ (α)(PL0/m)α (17)

and
β0 = (γ0vT0)

2/2. (18)

Our result may be written in the form of eq. (1) with the only difference that the parameters are now
time dependent

f(v;β, δ, α) =
1

π

∫ +∞

0

cos(vK) exp[−δ(t)Kα − β(t)K2]dK (19)

Here the coefficient δ(t) gives the time-dependent strength of the Levy-type contribution. The distribu-
tion which we obtained this way is rather complicated and depends on 3 parameters δ(t), β(t), α defined
by

δ(t) = δ0
1− exp(−αγ0t)

γ0α
, (20)

β(t) = β0
1− exp(−2γ0t)

2γ0
. (21)

By introducing a kind of ”temperature” τ(t) = 2β(t) corresponding to the ”Gaussian body” of the
distribution, we may use the scaling

f(v;β, δ, α) =
1√
τ(t)

F

(
v√
τ(t)

;
δ(t)√
τ(t)

, α

)
(22)

with the new function of a dimensionless velocity v/
√
τ(t) and a parameter y(t) = δ/

√
τ(t) which is

defined by

F (x; y(t), α) =
1

π

∫ +∞

0

dz cos(xz) exp[−y(t)zα − t2/2] (23)

As time t increases, the PDF (23) changes from the form (11) of the fully non-stationary PDF to the
stationary PDF where t → ∞ which agrees with eq. (1) of section 1, obtained by convolution.

3 Generalized Chandrasekhar equation for Levy and Gaussian noise

For solving concrete problems it is useful to formulate kinetic equations following the lines of Klein,
Kramers, and Chandresekhar. Studying first the spatially uniform 3D-case, we generalize the approach
developed by Fogedby et al. for the case of pure Levy noise [6,7,9]. This way we get the fractional
Fokker-Planck equation corresponding to our Langevin equation

∂

∂t
f(v, t) =

∂

∂v
(γ0vf(v, t)) +Dα∇αf(v, t) +D2∇2f(v, t) (24)
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with D2 = kBTγ0/m, a space-fractional distributed-order diffusion equation, see Ref.[24]. In Fourier
space we find

∂

∂t
f(s, t) = −γ0s ·

∂

∂s
f(s, t)−Dα|s|αf(s, t)−D2s

2f(s, t) (25)

For short times we may neglect the term containing the friction and obtain the solution

f(s, t) = f(s, 0) exp[−Dα|s|αt−D2s
2t] (26)

We note that already the short-time distribution shows Levy tails, examples for different α and different
times are shown in Fig. 2.
Further the full time-dependent solution in s-space is known which reads

f(s, t) = f(s, 0) exp

[
−Dα|s|α

αγ0
(1− exp(−αγ0t))−

D2s
2

2γ0
(1− exp(−2γ0t))

]
(27)

In the asymptotic case the solution the stationary solution reads

f0(s,∞) = C exp

[
−Dα

αγ0
|s|α − D2

2γ0
s2
]

(28)

where the constant C is given by the normalization. This distribution has a diverging mean square, i.e.
the velocity distribution has a long tail. For the distribution of the modulus of the velocity we get

F0(|v|, t) =
2|v|
π

∫ ∞

0

y sin(|v|y) exp(−δ(t)yα − τ(t)

2
y2)dy (29)

The asymptotics is in the general case given by

F0(v) ∼
kBT

mα|v|α+1
. (30)

Applications of these formulae to cell motility seem to be possible. We mention for example sev-
eral observations supporting the hypothesis that the search strategy of cells makes use of mechanisms
of Levy flight and generates Levy-type velocity distributions. For example, Li et al. [25] found non-
Gaussian long tails in the motion of eukariotic cells. Lewandowsky et al. [26] proposed Levy walks as
a model for ameboid motion and showed that Levy walks provide a more efficient search strategy than
Brownian motion, and in recent work Bödeker et al. [27] analyzed data for ameboid motion finding
clear evidence for non-Gaussian heavy tails.

4 Generalized Chandrasekhar equations for three-dimensional domains

Let us generalize now the stochastic equations for the case that the particle is subject to Gaussian and
Levy noise including also space-dependence and external fields, i.e. we take all classical Chandrasekhar
terms into account. We will study now domains, meaning mesoscopic spatial subsystems with quickly
changing microscopic velocities but slowly changing fields and spatial distributions. The idea is, that
deviations from the Maxwell distribution may be of special relevance for such mesoscopic domains with
slowly changing fields [15]. For the distributions within a domain, we obtain the fractional stochastic
equation

∂

∂t
f(r,v, t) + v · ∂

∂r
f(r,v, t) +

F

m
· ∂

∂v
f(r,v, t) (31)

=
∂

∂v
(γ0vf(r,v, t)) +Dα∇αf(r,v, t) +D2∇2f(r,v, t) (32)

with D2 = kBTγ0/m. After transformation to Fourier space we find

f(k, s, t) =

∫
drdv

(2π)6
exp(ik · r+ is · v)f(r,v, t) (33)



8 Will be inserted by the editor

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0  1  2  3  4  5  6

F
o
 (

v
)

v

Fig. 2. Evolution of the probability distribution of the modulus of the velocity F0(|v|) for 2 different Levy indices
α = 1 and α = 3/2 at t = t0 (red and green curves) and the same at a later time 2t0 (blue and violet curves).

and

∂

∂t
f(k, s, t)− s · ∂

∂k
f(k, s, t)− 1

m
F · sf(k, s, t) (34)

= −γ0s ·
∂

∂s
f(k, s, t)−Dα|s|αf(k, s, t)−D2s

2f(k, s, t) (35)

This equation cannot be valid for all times and spatial domains since the Maxwell distribution

fMaxwell = f0(s) = const exp[−1

4
v2T s

2] = const exp[−kBTs
2

2m
] (36)

appears to be a solution only in the special case on a uniform system with F = 0, Dα = 0 and with the
validity of an Einstein relation

D2 =
γ0
2v2T

=
kBTγ0

m
(37)

For the given reasons we assume the validity of the generalized Fokker-Planck equation defined by
eq.(35) just for specific domains of size rD (Debye radius) and k ≃ kD = 2π/rD. Then we have for a
domain the approximate relation

∂

∂t
f(kD, s, t)− e

m
E · sf(kD, s, t) (38)

= −γ0s ·
∂

∂s
f(kD, s, t)−Dα(kD)|s|αf(kD, s, t)−D2s

2f(kD, s, t) (39)
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The solution of this equation reads

f(kD, s, t) = f(kD, s, t0) exp[−id1(t−t0)(e/m)E·s−dα(t−t0)Dα(kD)|s|α−d2(t−t0)D2s
2] (40)

where
dα(t) =

1

αγ0
[1− exp(−tαγ0)], d2(t) =

1

2γ0
[1− exp(−2tγ0)] (41)

We note that E is the constant part of the electric field in the domain. In the case of weak fields, we may
write the Fourier back transform as

f(kD,v, t) =

[
1− e

m
E · ∂

∂v

]
f(kD,v, t, E = 0) (42)

For simplicity, we study from now on only situations with E = 0 and f(kD,v, t0) = δ(v − v(0)).
Then under the assumption of a Cauchy-Lorentz index α = 1 and D2 = 0 the zero field distribution
reads

f(kD,v, t, E = 0) =
v0

π2((v − v(0))2 + v0(t)2)
(43)

where

v0(t) = d1(t)
FL0

m
, d1(t) =

1

γ0
[1− exp(−γ0(t− t0))] . (44)

For Coulomb systems, we get FL0 = eEH = 2.6e2n2/3 and in the case of mixed Cauchy-Lorentz
distributions, we find generalized error functions. The Cauchy-Lorentz distribution function of the ki-
netic energy ϵ = mv2/2 reads

F (ϵ,kD, t) =
2

π

√
ϵϵ0(t)

[ϵ+ ϵ0(t)]2
(45)

where

ϵ0(t) =
F 2
L0

2m
d1(t)

2 (46)

This means that the asymptotics is determined by the Levy contribution.

5 Applications to the velocity and energy distribution of ions in
exploding clusters.

In the present section, we will give an application to exploding Coulomb clusters following the ideas
presented in [15–17]. In some sense the conditions inside a cluster correspond to the domains we studied
in the previous section.
This way, we aim to contribute to the explanation of fusion processes in Coulomb clusters, where a
considerable neutron yield was observed [18,19,28–33]. To our knowledge these experimentally well
studied phenomena are only partially understood. We study here the velocity distributions in clusters, in
particular, the possibility to enhance nuclear fusion by non-equilibrium distributions of the velocities.

Clusters of charged particles (Coulomb clusters) may be created by powerful laser pulses acting
on clusters molecules of hydrogen, deuterium etc. The short range Coulomb repulsion between the
nuclei give rises to strong accelerations and the cluster explodes in a time interval between femto- and
picoseconds [19,20]. In order to start with an elementary picture, let us look at a molecule of H2 or D2.
Imagine that the electrons are stripped off by a strong laser field. Then instead of the molecule we have
two Coulomb particles with distance around (1 − 2)aB (Bohr radius). The repulsion energy is around
20 eV, for 2 He nuclei, it is around 100eV , for heavier nuclei, it may be around one keV. If this energy
could be converted into stochastic velocities, potentially, it may provide fusion. Let us assume that we
have a spherical cluster consisting of some hydrogen-containing material as droplets of liquid hydrogen
or deuterium or droplets of water or some hydrocarbons. The part of electrons were removed by a strong
laser pulse. The cluster consists of nuclei of rather high density. The initial distances of the nuclei r0 are
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in part rather small, around a Bohr radius r0 ≃ aB corresponding to the original atomic or molecular
configurations, which are still present at our initial time t = 0. The initial potential energy Z1Z2e

2/r0
will be converted into kinetic energy of stochastic motion

v2m
2

=
Z1Z2e

2

mr0
. (47)

The directions of the velocities are stochastic due to seldom collisions. Then the particle energies may
reach at best 100eV . This estimate shows that higher energies may be reached only by stochastic sub-
sequent accelerations through correlated non-central collisions. We will study here mechanisms based
on long tails of the energy and velocity distributions and present some molecular dynamic simulations,
which seemingly support our assumptions. The study of plasma clusters and, in particular, fusion in
plasma clusters is a rather hot topic [18–21,29,32,33]. We correct and extend now our earlier investiga-
tions [15–17]. We have to distinguish between small clusters of size N ∼ 10000 and large clusters with
N ∼ 106 [19,29]. We have shown theoretically and by simulation that even in finite clusters the long
range distribution of Holtsmark-type is still well expressed [16]. Before going to simulations, let us start
with some analytical estimates for the expansion. Theoretical studies of the field fluctuations in finite
systems were given in [15,16]. Here we need the distribution function of an electric microfield in clus-
ters. We will consider only a definite intermediate stage. We assume that nearly all electrons have been
ionized and distributed over the plasma. The remaining electron density inside the cluster is denoted by
ne and the ion density by n with n ≥ ne. We are interested mainly in the beginning of ion cluster ”life”,
when the cluster density is still very high but already decreasing in time. In this stage, the cluster is hold
together only by effects of inertia. Later, the Coulomb explosion is observed, the effective radius

R(t) =

∫ t

0

dτV (τ) (48)

increases in time, and the mean density of nuclei in the cluster

n(t) =
3N

4πR(t)3
(49)

decreases in time.
After some initial stage the radius increases nearly linear in time [19,20]
As an estimate of zeroth order we may describe the expansion by the law

R(t) = R(0)

[
t

texp
+ exp

(
− t

texp

)]
(50)

where texp is a typical time for the first stage of the expansion process which is proportional to the ion
plasma frequency

texp =

√
3

2

√
m

4πne2
. (51)

In the stage of ion clusters, the positions of ions change stochastically in time due to the random fields.
Therefore, clusters of ions will be modeled here as systems of randomly distributed charged particles
developing under random forces and increasing radius. Let us consider a system of N identical charged
particles, randomly located in a spherical volume V , which is the model of our physical clusters.
In addition to estimates used in earlier work, we used here the tool of molecular dynamical simulations.
We started with a configuration of N ≃ 100 protons and N ≃ 100 electrons in a dense configuration,
similar to a cluster of hydrogen molecules. The interactions are modeled by Coulomb and effective
forces, no binding (dispersion forces) were included. The starting velocity distribution corresponds to a
temperature around T = 100 eV.
Looking at Fig. 3, we see that the expansion of the radius is well described by eq. (50) with texp = 2fs.
An interesting point is that the kinetic energy and the potential energy show in the first femtoseconds a
maximum and several strongly damped oscillations. Studying the dynamics of the electrons and nuclei
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Fig. 3. Evolution of the radius, the total energy, as well as the mean kinetic and mean potential energy over time
within 20 fs according to molecular dynamic simulations.

Fig. 4. Evolution of the energy distribution of an exploding cluster of 100 hydrogen atoms. We show the distribution
at 58fs and 175fs after the start.

in this stage, we see that most of the expanding electrons are bouncing several times in radial direction
back and forth within the the cluster of nuclei before a quasi-steady regime of expansion is reached.
Evidently, in this oscillating regime of the electrons, the kinetic energy is strongly increased at the cost
of the potential energy and the long tails of the distribution are created. We believe that this might be
connected with the celebrated Fermi acceleration effect, an effect which according to Fermi’s idea might
be responsable for the creation of high energetic particles (cosmic rays) in the Universe [34]. This point,
however, is just a speculation and needs further investigation.

Here we are mainly interested in the energy distribution. The snapshots presented in Fig. 5 show
strongly fluctuating in time energy tails reaching up to about 70eV . The appearance is quite similar as
found by simulations by Heydenreich et al. [21] for large Xe-clusters. By averaging over many runs for
the same time studying a larger number of N = 200 protons and electrons, we found the more smooth
distributions presented in Fig. 5. In Fig. 6, we used a logarithmic plot of several theoretical curves in
comparison with our simulations and experimental values for Xe-clusters obtained in [18], which were
discussed in detail in [19,20]. We see that the ”best fitted” Boltzmann distribution (where τ = 2) is
inappropriate since the long tail of the data is missing. The mixed Gauss-Cauchy distributions fit the data
much better, e.g. Gauss-Levy with τ = 0.5, δ = 1 is near to the experimental data for Xe-clusters the
Gauss-Levy distribution with τ = 0.5 and δ = 1. Note that a best fit by adapting τ, δ, α makes no sense
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Fig. 5. Energy distribution averaged over many runs for a cluster with N = 200 protons in an the exploding cluster
at two subsequent times in the early stage of the evolution (t = 20fs and t = 40fs). We see the development of a
”shoulder” as typical for convoluted Gauss-Levy distributions.
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Fig. 6. Energy distributions for Coulomb clusters. Left panel: Log-log-plot of several distributions. Besides our
simulation result for a cluster with N = 200 protons in an exploding cluster at t = 40fs (the curve with a
fluctuating shoulder) we present the experimental data of Ditmire et al. for Xe-clusters (turquoise, second from
above curve), a Maxwell-Boltzmann distribution (δ = 0, τ = 2, upper curve) and two Gauss-Levy distributions
(δ = 1, τ = 0.5, green; δ = 2, τ = 1, magenta). Right panel: Theoretical estimate of the time evolution of
the energy distribution at t = 1texp (red curve) t = 2texp (green curve) and t = 3texp (blue curve) assuming
1/γ0 = 2texp. The fat tail decreases with increasing time and approaches a Gauss-like tail.

here since the data are not very accurate and our theory gives at best an estimate. Therefore we looked
only for a qualitative agreement. In order to compare the time-dependence observed in the simulations
with the theory developed, we assumed for simplicity that the distributions may be described by Cauchy-
Lorentz distributions with α = 1, δ = 1, τ = 0. Then the time-dependent energy distributions read [16]

F (ϵ, 1, t) =
2

π

√
ϵϵ0g(t)

[ϵ+ ϵ0g(t)2]
2 (52)
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where the characteristic energy is of the order

ϵ0 =
e2E2

H

2m
texp, (53)

g(t) =
[1− exp(−γ0t)]

γ0[t+ texp exp[t/texp]]
(54)

Here we the function g(t) takes into account the transition to the quasistationary state and the fact that
the density decreases in time due to the expansion. We demonstrated in the right panel of Fig. 6 that
the fat tail decreases with increasing time and approaches more and more a Gauss-like parabolic tail.
Qualitatively, the simulation results show a similar behavior, a quantitative comparison, however, is
not possible at present time. In conclusion, we may say that in exploding clusters as a consequence
of correlated collisions, sometimes very energy-rich particles may appear. Possibly these energy-rich
particles enhance the fusion rates and are at least one factor which contributes to the observed high
neutron rates.

6 Conclusions

We have shown that convoluted Gauss-Levy distributions and in particular Gauss-Cauchy distributions
may be appropriate candidates for the description of non-equilibrium processes with long tail energy dis-
tributions. In particular, we considered as an application the energy distributions of exploding Coulomb
clusters in comparison with molecular dynamical simulations. A quantitative comparison is impossible
at present time because of the complexity of the simulations. We find, however, several hints pointing
to the existence of transient long tails in the energy distribution of exploding Coulomb clusters, which
correspond to the transient appearance of very energy-rich particles.
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