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In recent papers we have investigated the effects of Pauli blocking on the energy shifts in dense hydrogen.
As Pauli blocking we denote effects on the shifts which result from the antisymmetry of the electronic wave
functions. Here we study of the thermodynamic properties of dense hydrogen including the influence of energy
shifts. Of special interest is the region where a transition from insulating behavior to metal-like conductivity has
been shown experimentally. In this region, Pauli blocking effects have a deciding influence on this transition.
Assuming that the system is a gas-like mixture of chemical species, the ionization equilibrium is treated by
an advanced chemical approach. We calculate the Pauli and Fock shifts by perturbation theory and variational
methods and construct useful interpolation formulae. Results for the ionization equilibrium are presented for
temperatures between 4000 K < 7' < 20000 K and densities in the range n = (2 — 6) x 10*3cm ™ where the
transition from a neutral hydrogen gas to a highly ionized plasma occurs. The results for the equation of state
and the relative pressure indicate that the transition to a highly conducting state is softer than derived in earlier
work.

© 2008 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim

1 Introduction

In a recent paper [1] we have investigated the effects of Pauli blocking on the energy shifts of single and two-
particle states in detail. Basic ideas about the role of energy shifts on the properties of dense plasmas go back
to the 70th and 80th [2-8]. However a detailed study of the influence of energy shifts on the thermodynamic
properties of dense plasmas was not given so far. Following our previous work [9] we investigate in this paper
the thermodynamic properties of dense hydrogen with special attention to thermodynamic phase transitions.

The thermophysical properties of dense hydrogen were studied in the past by many authors, starting with
Wigner, Huntington, Abrikosov and others [10, 11]. Of special interest is the transition of molecular nonconduct-
ing hydrogen to a highly conducting phase at high pressures, which is considered to be a Mott-type transition.
Here, we will consider the effects of Pauli’s exclusion principle on the thermodynamic properties of hydrogen
plasma. Previous studies of dense hydrogen included several assumptions about the character of the high-density
phase [2,7,12—-17]. In fact, many questions remained open, in particular that about the nature of the highly
conducting, possibly even superconducting state. While metallization of solid hydrogen near 7' = 0 K has not
been clearly verified so far for pressures up to 300 GPa [18], a metal-like behavior has been observed in fluid
hydrogen and deuterium by shock-compression experiments driven by a two-stage light gas gun and powerful
lasers at Mbar pressures (1 Mbar=100 GPa) [19-21]. For instance, metal-like conductivities have been observed
in these experiments around 140 GPa and 3000 K [20] in the warm dense fluid. First signatures of a possible
phase transition which is due to the electronic nonmetal-to-metal transition in this region were found in another
recent shock-compression experiment [22]. State-of-the-art quantum simulations have also treated the problem
of phase transitions in hydrogen at relatively low temperatures in the dense fluid [23-26]. These findings have
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an enormous impact on our current understanding of the behavior of hydrogen at ultra-high pressures which is
relevant for models of planetary [27] and stellar interiors and inertial confinement fusion studies.

In the present paper, we will show that one of the most important effects leading to the destruction of bound
states like atoms and molecules is Pauli blocking. Du to the Pauli exclusion effect, the free electrons in the
plasma cannot penetrate into the interior of atoms and molecules since these bound states are already occupied
by electrons. At high densities this leads to an enormous pressure acting on the neutrals which will finally lead
to ionization. Several approaches to incorporate this effect will be discussed here, including perturbation theory
as well as variational methods. Polarization effects are, however, not considered.

The effective energy levels of hydrogen, which depend on density and weakly also on temperature, are
introduced into the thermodynamic functions within the chemical picture. In order to calculate the ioniza-
tion/dissociation equilibrium we use the thermodynamic variational principle and perform a minimization of
the free energy with respect to the composition. This approach which is in principle equivalent to the standard
method based on Saha equations, has some advantages and leads to additional information in special cases.

Recently, we derived an expression for the free energy of dense hydrogen [28-30] in the framework of the
chemical picture but still without energy shifts. Using Saha equations, the degree of ionization «, the degree of
dissociation f3, the isothermal equation of state (EOS), the Hugoniot curves, and the isentropes were calculated.
Pauli blocking was taken into account only via the simple concept of an excluded volume which is based on the
idea that electrons cannot penertate into atoms and molecules. We show in this paper that a more fundamental ap-
proach based on an effective Schrodinger equation leads to important modifications of earlier results. Especially,
a more advanced treatment of Paul blocking effects given in section 2 has an essential influence on the theoreti-
cal predictions for the high density region. The consequences for the thermodynamic functions are discussed in
section 3, and conclusions with respect to the general picture of the plasma phase transition are drawn in section
4. We will show that in spite of strong compensation effects between Pauli and Fock shifts, the remaining energy
shifts are important, since they determine the details of the the transition to the higly conducting phase.

2 Ionization equilibrium and thermodynamic functions - chemical picture

We construct the thermodynamic functions of hydrogen by using a chemical approach to the free energy which
recently was applied to temperatures between 2000 and 10 000 K [28,29]. The effects of pressure dissociation,
Hs = 2H, and ionization, H = e + p, are taken into account so that the transition from a molecular fluid at low
temperatures and pressures through a partly dissociated, warm fluid at medium temperatures of some thousand
Kelvin to a fully ionized, hot plasma above 10 000 K can be explained.

We use from now on a description based on the chemical picture. Before we start with a discussion of the var-
ious contributions to the free energy F' (T, V, N') we have to say that any splitting of F is conditional. Depending
on the picture we use, the contributions may change, but the total free energy F' should be invariant with respect
to all possible model pictures. This statement is based on the constraint that no physical effect, including the
Pauli blocking effects which we study here, should be accounted for twice. We will check this very carefully.

Hydrogen consists basically of two main components, the plasma (electrons and protons) and the neutral liquid
consisting of atoms and molecules. Correspondingly, the free energy for a two-component system of neutral (F},))
and charged particles (I},) reads,

FW,T,[N]) = Fos + Fa(V, T, [N]) + Fpa (V. T, [N]) + Fing(V, T', [N]) - M
The first term is the bound state contribution which is given in the form
Fos =N E} + N E" + N kgTIno'(T) + N} kgTInol, (T), 2)

where E; are the ground state energies of atoms or molecules, respectively. The “’stars” denote the densities of
free particles. The reduced atomic partition function of Brillouin-Planck-Larkin (excluding the ground state) is
given by

o'(T) = dexp(E} /kpT) Y _ (exp(—En/kpT) — 1 + En /kpT), 3)

n
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the molecular partition function o7, (7") has been discussed elsewhere [28]. Beyond the bound state contributions
we have the “normal” free energy contributions of the neutral liquid F;, and the plasma F7,;. Finally, we have a
contribution due to the interactions between the neutrals and the charges Fj,;. We have some freedom in splitting
into terms, but in any case a double counting of contributions has to be strictly avoided [2].

We concentrate here on the contributions of the energy shifts. The shift of the atomic levels is approximated
by the sum of Pauli and Fock terms:

AEY = AET2l 4 ApFock 4)

Since in the region of the transition the molecules first dissociate into atoms, we use the approximation that
molecules are simply composites of two atoms, i.e. the shifts are additive

AE™ = 2AE> . 5)

We will not review the contributions of the neutrals and charged particles to the free energy but make few re-
marks. The plasma term combines several results for the fully ionized plasma domain in form of Padé approx-
imations [15, 16,31]. The neutral liquid contribution is based on data for the dense fluid calculated within a
dissociation model [32,33]. In earlier work we have performed classical Monte Carlo simulations for partially
dissociated fluid hydrogen for a grid of temperature and density points in the region of 7 = (2 — 10) x 10% K
and o = (0.2 — 1.1) g/em®. Effective pair potentials of the exponential-6 form have been used to model the
interactions between the molecules and atoms in the dense fluid. The dissociation equilibrium Hy = 2 H has
been solved taking into account the correlation parts of the chemical potentials using fluid variational theory. The
Monte Carlo data for the interaction contribution can be interpolated accurately within an eight-parameter fit with
respect to density and temperature leading to an analytical expression for the free-energy density, see [28,29,34].
The resulting pressure of the neutral liquid term can be presented as

1
Pnl = 5(1 + B)nkBT + Pint - (6)

Here n is the total proton density and [ the degree of dissociation of molecules into atoms. The fit formula is
quite soft. Therefore at temperatures beyond 15000 K, we have used the Carnahan-Starling expression for hard
spheres, with a soft interpolation between the the two cases [35].
The plasma contribution is split into an ideal and an interaction term and we have for the free energy
F

pl = Fpl,id + Fpl,int . (7)

Taking Pauli blocking effects into account, we have to write for the ideal term of free electrons

N AP
Fplyid(V, T, [N]) = N._kpTz < 2V*e> , (8)

where V* is the volume available to free charged particles. Further, z(y) is the Fermi function which is approx-
imated by the Zimmermann formula [36,37]. The interaction part of the plasma component is represented by
the standard Padé approximations developed in earlier work [15, 16,31,36]. We have calculated the chemical
equilibrium between the charges and neutrals (atoms and molecules) by means of a numerical variational pro-
cedure based on direct minimization of the free energy. We used a program based on MATHEMATICA which
was presented in Ref. [35]. We prefer the minimization of the free energy in comparison with the Saha approach
because of numerical advantages for systems with density-dependent energy shifts.

3 Bound states in a plasma

3.1 Effective Schrodinger equation of pairs

The microscopic origin of the concept of excluded volume is the Pauli principle which is due to the anti-
symmetrization of fermionic wave functions. One of the consequences is a contribution to the effective inter-
action between composed particles and has to be taken into account if a chemical picture is introduced. As an
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example, the short-range repulsion between atoms or molecules is caused by Pauli blocking of overlapping spin
parallel electron orbitals.

We focus on the interaction between hydrogen atoms and free electrons. The extension to effective interactions
between other components of the chemical picture is straightforward but will not be studied here.

A systematic quantum statistical approach to the equation of state can be given based on the self-energy 3.
and the related spectral function A, (¢ = e, p), starting e.g. from the normalization condition for the total density
of the elementary constituents in terms of the spectral function [2,7].

In the following we will use Rydberg units with m./m, < 1,m, = 1/2,h = 1,¢e*/4mey = 2 so that
the binding energies of the isolated hydrogen atom are simply E%, = P?/2m, + E° with E0 = —1/n?
After separating the center of mass motion the ordinary Schrédinge} equation of the electron-proton system in
momentum-representation reads

P*én(p) ZV )6n(p+q) = Endn(p). ©)

With the Coulomb interaction V' (q) = 87/¢? the normalized wave function for the ground state (n = 1) is

orlp) = VT Gl

(1+p?)

d
(2;)’3 61 (p)2 =1, (10)

with normalization conditions where the periodicity volume was taken to be {2 = 1. Imbedding the hydrogen
atom in a plasma environment, the additional interactions with the medium can be treated within a quantum
statistical approach introducing concepts such as the self-energy, dynamical screening and the spectral function.
For these many-body quantities, special approximations can be performed which reflect different processes in the
plasma. This way, an effective wave equation has been derived [4,5,7],

P2 (p ZV J¥n(p+q) +ZH" J¥n(p+q) = Entpn(p) - (an

Assuming the adiabatic limit m./m, < 1, the center of mass motion has been neglected. In general, the plasma
Hamiltonian HP'(q) will depend also on P and on the energy, if dynamical and retardation effects are taken
into account. The plasma Hamiltonian will shift the energy eigenvalues £, = E? + AFE,, and will modify
the wave functions v, (p). In particular, due to the plasma interaction the binding energies may merge into the
continuum so that bound states disappear. This breakup of bound states is called Mott effect and has important
consequences for the macroscopic properties of the plasma. Within perturbation theory, different medium effects
can be considered to contribute additively to the plasma Hamiltonian

le(q) — HHartree 4 HFock 4 HPauli 4 HMW + HDebye + Hpolpot 4 HvdW T (12)

The first three contributions are of first order with respect to the interaction and determine the mean-field approx-
imation, which is instantaneous in time and contains no dynamic contributions,

Z [HHartree( ) HFOCk(q) + HPauli(q)} "/)n(p‘i’ Q) _ (13)
Zv 2f(0') = 2£i(@)en(P) = D_ V(@) felp + @)¥ou(p +Zv ) fe(P)n(p+ q) -

These contributions are of similar structure and have to be considered simultaneously in order to find consistent
approximations. Notice that the electron-electron interaction is repulsive (V' (gq)), the electron-ion interaction is
attractive (—V(¢)). The Hartree term contains the factor 2 due to spin summation (for abbreviation, only the
momentum is given in the Fermi distribution). However, this contribution vanishes for neutral plasmas where
the densities n. = >, 2fc(p’) of the charge carriers ¢ = e, compensate each other. The Fock term as well as
the Pauli blocking term describe exchange terms and refer only to the interaction between particles of identical
species and spin. The origin of the Pauli blocking term is the phase space occupation by free electrons according
to the distribution function f.(p). This phase space cannot be used to form a bound state so that in the atom the
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interaction of the electron with the ion is blocked when the final state is already occupied by a free electron with
same spin orientation.

The following two terms of the plasma Hamiltonian are the Montroll-Ward term giving the dynamically
screened selfenergy, and the dynamically screened interaction between the bound particles. These contributions
are related to the polarization function and are of particular interest for plasmas due to the long-range character
of the Coulomb interaction. In a consistent description, both terms should be treated simultaneously. A more
detailed discussion has been given in [4,5,7]. The last contributions to the plasma Hamiltonian are of second
order with respect to the interaction, as e.g. the polarization potential, describing the interaction of a bound state
with free charge carries, as well as the van der Waals interaction, describing the interaction of a bound state with
another bound state [7, 38].

3.2 Evaluation of the mean-field energy shift at low density

We focus on the influence of the mean-field contributions to the effective Schrodinger equation of pairs,

P*¢n(p) ZV )n(p + ) +ZV (P)n(p+q) = fe(p+ Q)on(p)] = Enthn(p) . (14)

If the perturbation due to the plasma Hamiltonian is small, the shift of the energy eigenvalues is obtained with
the unperturbed wave functions as

B, —E) = AB°*+ AES™ = =" 6r (0)V(9) fe(p+ )0 (D) + D &5 (p (P)on(p+a).

p,q p,q

5)

Here, inserting the Schrodinger equation, the Pauli blocking term can be rewritten as

AE™ =" 6" (p)(p* — ER) fe(p)dn(p) - (16)
p

A simple expression is found in the low-density limit, where the Fermi distribution with the normalization
> »le (p) = ne/2 is concentrated near p = 0. In the zero temperature limit, we have a Fermi sphere with Fermi

momentum pr = (372n.)/3 < 1. The energy shift of the ground state ¢; (p), Eq. (10), results as
|
APl — 37 (—EYY |¢1(0)|* = 327n,. . (17)

Notice that we use Rydberg units where the density of free electrons n, is given in units of a%, and the ground
state energy is given in Rydberg EY = —1. The Pauli blocking shift is linear in the density. In the general case
of arbitrary temperatures, we have to introduce the Fermi function and the integrals in Eq. (16) give

) 32 00 p2
AET™ = —/ dp———= fe(p). 18
1 7 Jo p(1+p2)3f (p) ( )

If we approximate the Fermi distribution by a Boltzmann distribution normalized to the same density, we obtain
an analytical expression

AEYa 32700, G(T) (19)

where the function G(T) expressing the temperature-dependence is given by

N~ —
- 77
\/5 14+

The Rydberg unit is related to the temperature via Ryd/kp = 157886 K. In the limiting case T < 1 (i.e. for
temperatures below 20000 K where G(z) ~ 1), the zero temperature expression for the shift as given by Eq. (17)
is reproduced.

G(w) = —g | VA1 + 32) ~ V7 (12 — 12%) exp(2)(1 — e[ 20)
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Similar expressions can be given for the Fock term. In the low temperature, low density limit we find
o 1
ABT™ = —128n, / dp————— = —207n, . 21
' 0 v (1+p?)* @b

It compensates partially the Pauli shift so that the total shift is
AEFe* L AEP™ = 127n, . (22)

It is shown in Fig. 1 as dashed-dotted line, indicating a rather steep shift of the bound state energy.
Taking into account the temperature effects, the Fock shift is given by

64 [ pdp * (p+k)
AEFock e / dkk1 (k). 23
i 2 Jy Tapan fy R fe®) @9

Here, f.(k) is the Fermi distribution which in linear density approximation, valid in the low-density limit, may
be replaced by the Boltzmann distribution. Then, the integral over k£ can be performed with the result

AEY* ~ —20mn H(T), (24)

where the function H (T") expressing the temperature-dependence is given by

I pdp 2 p 1
T v/ fi fi ~_— 25
T) = 10\/7TT/() (1+p2)%° {er <T1/2) o (wmﬂ 1+ 17 (25

A numerical estimate shows that the temperature-dependence of the Fock-shift is rather weak for temperatures
below 10* K and does not exceed a few percents.

Due to phase space occupation, the bound state energy is shifted and may merge with the continuum of
scattering states, indicating the breakup of bound states. Considering in Eq. (14) the continuum part of the
spectrum describing scattering states, only the Fock shift contributes to the energy shift. The lowest energy in the
continuum occurs at p = 0 and is shifted by AE™%(p = 0) = =3 V(q) fe(q) = —4pr/m = —4(3n/m)"/3.
However, the two-particle continuum state can only be created at the Fermi momentum since all states below that
are occupied. Thus the continuum of scattering states, where the bound states become free, begins at pr where
we have in the zero temperature limit the Fock shift

AEFOCk ZV ) = —2pF/7T = —2(37166/77-)1/3 (26)

shown also in Fig. 1 as dashed line.

Extrapolating these low-density results to higher densities, the ground state disappears at a density which
corresponds in first approximation to n, =~ 0.015a§3. This leads to an average distance of o ~ 2ap which is
lower than the Mott criterion,

4—%67«3 =1, (27
3
which expresses the idea that atoms are destroyed if the mean distance of the electrons is equal or smaller than
the Bohr radius.

An alternative way to estimate the binding energy shift is the confined atom model [7,39] which assumes that
the atom is embedded into a hard sphere with radius 7. In first approximation this theory gives the shift

ro X apg,

AE = nry 2. (28)

Correspondingly the energy would disappear at rg ~ 3ap, i.e. already at a much smaller density (see also Fig. 1).
Better estimates based on numerical solutions of the Schrodinger equation give a value of about g ~ 2ap. Our
first estimate is in the same region.

The concept of the confined atom model is related to the concept of excluded volume where to each of the
components a particular volume is attributed which is not available for the other particles of the same species,

www.cpp-journal.org (© 2008 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim



676 W. Ebeling, R. Redmer, H. Reinholz, and G. Ropke: Thermodynamics and phase transitions in dense hydrogen

expressing in this way the Pauli blocking mechanism. At the same time, we have also a shift of the free electron
energies due to the Pauli blocking by electrons bound in atoms. Within the cluster-mean field approximation [6,7],
these shifts are given by self-energy contributions due to bound states

ABRREEL (0) = > V(12,12)|exg(BD)[$1(2,3)7 = > g(Ey)V(12,1'2)¢h1 (12)95(1'2') . (29)

2,3 2,1/,2/

The Hartree contributions vanish because of charge neutrality, but the exchange contributions will produce a shift
of the single-electron energies.

0 I \ P
L ' 2 i
\ .
021N
N
<
~
TN
. ~ -
_ 04 ~~_
>
~
=) - _
= -0.6 -]
83|
+ confined atom approach
-0.8 + — low density, low temp. 4

— variational approach
— . continuums edge 7

0 05 1 15 2
n_in 10”cm”

Fig. 1 Several first approximations to the density dependence of the effective ground state energy of hydrogen. We show
the low-temperature, low-density estimate according to Eq. (22) (dash-dotted line) in comparison with the confined atom
estimate (dotted curve). The full line corresponds to the variational approach. The lowering of the continuum edge according
to Eq. (26) is given as dashed line.

3.3 Evaluation of the limit of strong degeneracy

In the Fermi limit we take the Fermi distribution function in the zero-temperature limit, f.(p) = ©(pr — p), and
evaluate the Pauli blocking shift, Eq. (16), integrating over the wave function @1 (p),

Pr 4 2 1
(27)3 A dpp*[p* + 1191 (p) = P % + arctan(pr)| . (30)
F

Pauli
AEPauli

In the low-density limit, this formula reproduces correctly the value 327n. given above in Eq. (19).

We can also calculate the temperature dependence of the Pauli blocking term. For this, we have to replace the
zero-temperature Fermi function in the interaction term by the finite temperature distribution. It can be seen that
the temperature dependence of the Pauli blocking term becomes weak. For an estimate we can use the Boltzmann
approximation, Eq. (19), as well as the data from the variational approach given later.

The Fock term occurs in the Bethe-Salpeter equation as mean-field contribution and is of the same order as
the Pauli blocking term. Even if the Fock term is not of primary importance for the disappearance of the bound
state energy, it has to be included in the total shift of bound and scattering states to be consistent (so-called
conserving approximations). Within perturbation theory, see Eq. (15), in the zero-temperature limit we get after
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some transformations

64 [ pdp /pF p+k
AEFok — _— — k dkn (31)
' w2 Jo (1+p*)* Jo lp— k|
64 [ pdp [ 1,5 5. ptpr 4 5 5+ 3pF
= [ == + (R —p)ln P = =3 2 E
7 Jo @+p)t PP o Pr =) lp — prl 3l F (1 +p2)?

which reproduces in the low-density limit the value —207n, given above in Eq. (21).

A graphical representation of the Pauli shift and the negative Fock shift for 7 = 0 is given in Fig. 2. We
see that both shifts are nearly equal compensating each other, however a small positive shift remains. At higher
densities, beyond a crossing point near pr =~ 1.35 (Rydberg units) corresponding to the dimensionless density
Ne ~ 0.08311]53 the sum of both shifts is negative.

T \ T T 1
141 / l/ Fock _
1.2+ |
1+ |
—U [ —
&
= 0.8 |
S| — |
< 0.6 |
04 |
B / — - linear approximation n
02 — analytical solution -
0 = \ \ \
0 0.5 1 1.5

P

Fig. 2 The Pauli shift and the (negative) Fock shift in the Fermi limit as a function of the Fermi momentum according to
Eqgs. (28-29). The linear-density limit is shown for comparison. Beyond the crossing point at pr ~ 1.35 (Rydberg units)
corresponding to the dimensionless density n ~ 0.083(1];3 the sum of both shifts is negative.

3.4 Evaluation of the mean-field energy shift by variational approach

According to our first estimates, the effective binding energy would disappear at n, ~ 10*21153, see Fig. 1.
Perturbation approximations tend to overestimate effects. Better results may be obtained by variational approx-
imations to the solution of the effective Schrodinger equation. Considering the bound state energy over a large
region of density and temperature we have to modify the wave function which will be performed now within a
variational approach.

In particular, we are interested in the Mott effect, describing the dissolution of the bound state at increasing
density when the bound state energy merges with the continuum of scattering states. The Fock shift acts for
free states and bound states. We assume that the wave function changes smoothly from the bound state to the
continuum state near the Mott density. Consequently, the Fock shift of the bound states and the continuum
states become identical at the transition, and the bound state wave function is indistinguishable from that of the
continuum states. Then, the binding energy, which is the difference between the bound state energy and the
continuum of scattering states, is not depending on the Fock shift near the Mott density.

For first exploratory calculations, we take a wave function

Vi(psa) = 871202 (1 4 p?fa?) 72 (32)
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with a variable Bohr radius, the parameter «v. Firstly, we estimate the energy shifts by the wave function at zero
momentum as in perturbation theory in the zero-temperature, low-density case. This gives for the ground state
energy

Ey ~ min By (o) = min(a? — 2a + [47 + (128/3)]n./a?) . (33)

Performing a more advanced application of the Ritz variational approach, we symmetrize the Hamiltonian in
the effective wave equation (14) by introducing the function ¥,,(p) = 1, (p)[1 — fe(p)]~/?

D% + AR eetr. @) Tn(p) = D _[1 = L2V (@)1 = felp + Q)] *Tn(p+ @) = EnTn(p) . (34)

Further, we take into account that no states below the Fermi momentum are available to build the bound state,

1 1

V(p;a) = NW@@*I)F% (35)

Here « is a parameter which characterizes the occupation in the momentum space. Our ansatz gives the ground
state energy including the Pauli shift in the zero-temperature limit. With f = pr/q, the energy is calculated as
the sum of kinetic and potential energy,

3213
(=2f(=3+8f24+3f4)+3(1+ f2)37 — 6(1 + f2)3 arctan(f))
(L+ A+ 227 = 4f(f° = Dm + 4f* + darctan(f)[2f(f* — 1) = A(f)]]
m[3m(1 4 f2)3 — 6(1 + f2)3 arctan(f) — 2f(—3+ 8f2 + 3f4)]

E(pp,a) =a? |1+
T

—6«

, (36)
with
A(f) = 1+ f2)%m + (1 + f*)* arctan(f) . (37)

For a given pp, the minimum with respect to « yields an estimate for the ground state energy. The variational
ansatz (35) can be improved with ¥ (p; o) = N~} (1+(p—pr)?/a?)~20(p—pr) which gives another correction
for the transition to the continuum states. A few numerical results obtained on the basis of the variational ansatz
are shown in Fig. 3.

3.5 Interpolation formulae for the mean-field energy shifts of the bound states

For convenience of the numerical procedure in the later variational calculations of the free energy we construct
an interpolation formula between the Boltzmann and the zero-temperature limits by taking into account results
from the numerical evaluations. The basic structure is given by the zero-temperature asymptotes Egs. (30) and
(31) and the Botzmann limits Eqs. (19) and (24), respectively. As a result we propose for the Pauli shift the
interpolation

AEfau]i — é pF(C(T)p%' — 1)

™ L(1+e(T)pE) (1 + ph/3)

+ arctan(pp)| . (38)
where we introduced a temperature-dependent fit function

oT) =5 (G(T) - 1) (39)

Wl

which provides the correct steepness at small densities which is determined by G(7T'), see Eq. (20).

The Fock term shows only a very weak temperature dependence. A numerical check provided temperature
corrections which do not exceed a few percent. Therefore, we use here for all temperatures the low-temperature
formula (31). A different convenient formula which provides the correct low- and high-density behavior for all
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temperatures as well as a good approximation of the numerical data obtained by our variational method is the
interpolation

2
ARFock _ _ 20, (14 H(T)gne + kn? +1n%) (40)
g

with the fit parameters g = 261.65, k = 60000, and [ = 334369.

A comparison of the density dependence according to the interpolations introduced above with solutions is
shown in Fig. 3 for 7" = 5000 K. We see that the agreement with the data is quite reasonable for this temperature.
‘We mention that the temperature dependence in the region of interest (5000 K < 7" < 15000 K) is quite weak.

In the density range studied here the total energy shift of the ground state is always positive. Looking at the
asymptotic expressions for the Fermi limit given by Egs. (30) and (31), we see that the shifts become negative at
very high densities. This has already been observed by Kraeft and collaborators [40—42].

The remaining shifts in Eq. (12) are smaller and will be neglected here. For a more detailed discussion, we
refer to the literature [4, 8,38,40-42]. In the following, we concentrate on an investigation of the influence of
energy shifts on the thermodynamic properties.

2 I I I

Fig. 3 Results of numerical evaluation using the variational method (symbols) of the Pauli shift (full line) and the Fock
shift (dashes line) at the temperature 7' = 5000 K in comparison with the interpolation formulae based on the asymptotic
representations and the linear approximation (the cone defined by the outer straight lines).

4 Evaluation of the ionization equilibrium and thermodynamic functions

4.1 The ionization equilibrium

We consider a hydrogen plasma at fixed temperature 7" and proton density n. We take into account ionisation
processes H = p+e~ and dissociation processes Hy = H + H. For simplicity, the formation of other species as
H.\ and H~ species will be neglected. The degrees of ionisation and dissociation will be defined as follows [28]:

n n 2N

1 n
- ;6d: = 76a B 7/6’I7L

R L N— = Ba=—"" 41
n; +ng + 2nm Ng + 2n'm ng +Ng + 2n'm ng +Ng + 2n'm ( )

These are the variational parameters of our problem. The free energy has to be minimized with respect to them.
We note that 3 is the degree of dissociation of molecules into atoms, /3, is the relative amount of protons bound
in atoms and (3, the relative amount bound in molecules. Due to the balance relation for the total proton density

n=mn;+ng+2n, (42)
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we find the useful relations

_ B
Ba~+ Bm

In other words only one of the 3— parameters is independent and we have some freedom to make our choice.
We prefer here to use « and (3,,, and will make use of the relation o + 3, + G, = 1. It can be shown that
atoms appear only in a rather narrow region of the temperature-density plane. In large regions of the density-
temperature we may in some approximation assume 3, = 0, then « remains as the only free parameter. The
condition of neutrality requires that electron and ion densities are always equal (n, = n;). The free energy
per proton is our basic quantity, it depends on four parameters. The variational parameters are the degrees of
ionization and dissociation. We denote from now on the variational parameter degree of ionization by x and the
variational parameter degree of dissociation by y. The density dependence of the degrees is presented in Fig. 4.
Characteristically, high ionization at very low as well as at very high densities is observed. Bound states are
formed in a region of intermediate densities only. The transition to full ionization at high densities (pressure

Ba =a(l = Ba), Bm =1 —a)(1 = Ba), Ba (43)

ionization) occurs in a small region of densities near 5 — 6 x 10%4*cm 3.
1 TTT _\_\ \_ - ‘ TTT ‘ TTT
- N
L X i
\\ 7 \\ \
\ 7NN —
0.8 \ / —— ionisation degree
: \\ // \\ \ |—- dissociation degree
. v/ v i
y V)
I\ \ \\
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Fig. 4 Degree of ionization and degree of dissociation at 7" = 5000, 10000, 15000 K as function of the total density of
protons. (Online colour:www.cpp-journal.org).

We calculated the chemical equilibrium by means of a numerical variational procedure based on direct min-
imization of the free energy, which was first presented in [35]. We prefer the minimization of the free energy
in contrast to the Saha approach because of several numerical advantages. The results of the two approaches
(minimization and Saha approach) are similar in qualitative respect but differ in details. Saha equations are a
more explicit formulation of the minimum condition. Using Saha equations, one finds a single minimum located
inside the corner of the ionization/dissipation degrees. Minima at the boundaries, say a = 1 or § = 0, cannot be
found. Further, density-dependent energies cannot be used in Saha equations without several complicated gen-
eralizations. The direct minimization of the free energy used here finds all existing minima, including multiple
minima and those at the boundaries and has no difficulties with energy shifts. Further we mention that the itera-
tive solution of Saha equations with shifts, which are highly nonlinear, may lead to serious numerical instabilities
and convergence to spurious solutions. In particular these difficulties may appear if the Saha equation contains
mixed nonlinearities with respect to electronic and atomic densities in the exponent. Just this is the case for our
Pauli blocking effects. Therefore we consider in our case the direct minimization of the free energy as a more
reliable method, it provides more information and contains the solutions of the Saha equation as special cases.
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Fig. 5 Pressure isotherms at 7'= 4000, 5000, 6400, 7500 K. The critical point of the first order transition is around 7' =
6400 K. (Online colour:www.cpp-journal.org).
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Fig. 6 The pressure isotherms calculated from this theory for 7'= 4000, 5000, 6400, 7500 K in comparison to the isotherms
calculated earlier by Beule et al. [28] for 7" ~ 5000 K (the curve with a horizontal part describing the plasma phase tran-
sition) and the result obtained by Fortov er al. [22] for the isentropic pressure (the upper curve). (Online colour:www.cpp-
journal.org).

The transition proton density is between 2.5 x 1023 and 4.5 x 1024 cm~2. This corresponds to a region around
0.5 g/cm? for hydrogen and 1 g/cm? for deuterium. At 5000 K the transition occurs in the region of density
around n, = 3 X 10%® cm~3. In order to show what happens during this transition we may study again the
behavior of o and (3, (percentage of protons bound in atoms) demonstrated in Fig. 4. Examples of our results for
the pressure are shown in Figs. 5, 6, and 7. We see a phase transition of first order below 6450 K and a rather
weak diffusive transition in the relative pressure up to 20000 K.
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4.2 Discussion of the thermodynamics functions and phase transitions

As already stated above, the pressure shows a first order transition below 6450 K. The transition proton density
is in all cases between 2.5 x 10?3 and 4.5 x 1022 cm~3. The transition to full ionization is softer than in our
previous approach [2, 28], where we found a first-order transition at even higher temperatures. In the mean time
the existence of a hard transition has been proven in quasi-isentropic shock compression experiments [22]. In
Fig. 6 we show a comparison of our results with parts of the isentropic EOS data provided by Fortov ef al. [22]
and with an isotherm obtained in our earlier work [28]. We see that the horizontal part of the EOS occurs at the
same densities but at lower pressures than in the experiment and in the theoretical approach of Beule et al. [28].
This point needs further discussion.

Let us discuss now further thermodynamic properties. In principle, all thermodynamic functions may be
calculated from the free energy (1) via derivatives. For instance, the isothermal EOS follows by derivation with
respect to the volume, and the entropy by derivation with respect to the temperature:

OF(V,T,N
S(T,V,N) = _w,

Combining these two expressions we may get the usual EOS p = p(p, T') as well as the isentropic (adiabatic) EOS
p = p(s,T), where p is the total mass density and s = S/Nkp the specific entropy per proton (N = N, is the
total number of protons in the plasma including the protons bound in H and in Hs). In earlier work we calculated
the isentropic EOS based on the chemical picture [34,43]. We leave a detailed discussion of the isentropic EOS
to future work.

Let us study now the relative pressure. Examples of our results for the relative pressure (in relation to the
reference pressure of a fully ionized plasma) are shown in Figs. 7 and 8. The isotherm of the relative pressure
at T= 10000 K shows three soft transitions at n; ~ 10'® cm™2 (formation of atoms), at n; ~ 102! cm™3
(formation of molecules), and at n; ~ 10?3 cm—2 connected with the pressure ionization. Most interesting is
the weak diffusive transition in the relative pressure beyond 1023 cm~2 which appears up to 20000 K. In this
region the pressure isotherm is nearly horizontal. The derivative is rather small but never reaches the zero, i.e. the
system is not unstable. The relative pressure shows a rather narrow wiggle, which however is not connected with
a thermodynamic instability. The wiggle of the relative pressure is a sign that the derivative is very small but still
positive. In the region between 6450 K and 20000 K the transition is softer than first order, there is no wiggle in
the isotherms but still a wiggle in p/nkT up to 20000 K. We define a hard first-order transition as usual by the
condition that the derivative of the pressure with respect to the total proton density n (the isothermal index) is
negative

Ologp
L’?logn]T <0 (45)

This corresponds to wiggles in p(n,T = const). In our case this occurs for 7' < 6450 K. A soft (diffusive)
transition is defined by an isothermal index smaller one

Ologp
L’)logn]T <1. (46)

In this case wiggles of p/nkpT may appear, this occurs in our model between 6450 K and 20000 K.

We believe that under experimental conditions it might be rather difficult to see a difference between a proper
first-order phase transition, where the derivative is really zero, and a soft (diffusive) transition of the type shown
in Figs. 7 and 8. The critical point of the soft transition is around 20000 K (see Fig. 8).
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Fig. 7 The isotherm of the relative pressure, defined as the relation of actual pressure to the ideal pressure of free protons, at
T'=10000 K shows three soft transitions, explanation see text.
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Fig. 8 Isotherms of the relative pressure at 7" = 10000, 15000, 20000 K near to the high-density soft transition. The critical
point of the soft transition is around 20000 K.
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5 Conclusions

We contribute here to the theory of hydrogen at high pressures by investigating the influence of energy shifts
which so far have been neglected in thermodynamical calculations. We study in detail the region where a Mott
transition has been expected and where recent experiments have shown a transition from insulating behavior to
metal-like conductivity. In order to understand this transition several effects have to be taken into account. We
concentrated here on so-called Pauli shifts and Fock shifts of the ground state energy level. Both Pauli blocking
effects express the rule that states occupied by atomic electrons cannot be occupied by free electrons with the
same spin direction. This leads at high electron densities to the destruction of atomic states which need a relatively
high amount of phase space. We calculated the lowest order energy shifts named Pauli and Fock shifts. These
terms are calculated by solving effective Schrodinger equations for strongly correlated systems.

The ionization and dissociation equilibria are treated within an advanced chemical approach based on the
assumption that the system is a gas mixture of chemical species. The theory for the components are based
on expressions for the free energy developed recently to determine Hugoniot curves and isentropes in dense
hydrogen plasmas in the regions of partial dissociation and partial ionization [28]. We have shown here that the
effects resulting from the Pauli exclusion of electrons from the interior of atoms has a major influence in the
high pressure region. We presented explicit calculations of the ionization and dissociation equilibria in the region
4000 K < T < 20000 K, n, = 2 — 6 x 10**cm™3. What we see is a first-order transition from a neutral to
a conductiong phase at 7' < 6450 K and a diffusive transitions between 6450 K and 20000 K. At still higher
temperatures the transitions to a highly ionized plasma are very smooth and no wiggles are to be seen.

The standard chemical model was improved in the present work in several respects: We replaced the standard
excluded volume approximation for electrons used in our earlier work by a more rigorous approach based on
effective wave equations including symmetry effects. Energy shifts were calculated in several approximations
including perturbation theory and variational approaches. This allowed us to include the interactions between
electrons and neutrals in a more systematic way. We calculated the shift of the ground state energy due to the
effects of Pauli exclusion which prevent the electron from penetrating into atoms.

This work concentrated primarily on hydrogen. In order to use the hydrogen EOS for deuterium, mass scaling
can be applied for the interpolation formula of the interaction contributions, i.e. it is assumed that the same
particle numbers for hydrogen and deuterium lead to the same degree of dissociation and to identical interaction
contributions to the thermodynamic function of the neutral fluid for a given temperature.

Let us summarize the main physical results obtained in this work: The Pauli blocking effects (Pauli shift
and Fock shift) and there influence on the energy levels are quite essential for the ionization equilibria and
determine some details of the transition. The transitions to highly conducting states occur at proton densities
around 2.5 — 4.5 x 10%* cm~3. This means we are in the region around 0.5 g/cm? for hydrogen and 1 g/cm3
for deuterium. The corresponding pressures are in the region of 0.5 — 1.2 x 10! Pa, i.e. around one Mbar. The
transition to a highly conducting phase is in the present model a thermodynamic phase transition of first order at
T < 6450 K and in the region between 6450 K and 20000 K a soft (diffusive) phase transition.
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