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Shock experiments with fluid hydrogen have shown that a transition from insulating behavior to metal-like
conductivity occurs at pressures beyond 100 GPa. This requires the development of new methods to describe the
transition region of dense plasmas. The traditional approach due to Saha is based on the assumption of chemical
equilibrium between charged and neutral components. This is equivalent to minimizing the free energy with
respect to the composition. Here we improve an expression for the free energy developed recently to determine
Hugoniot curves and isentropes in dense hydrogen and deuterium plasma in the regions of partial dissociation
and partial ionization. We show that at high pressures the influence of the excluded volume occupied by neutral
species is crucial for the transition to full ionization. We present curves for several thermodynamic functions
for the region 5000 K < T < 20 000 K and 0.6 g/cm® < ¢ < 1 g/em®. The influence of the effective radii of
the neutral species is crucial in the transition region.
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1 Introduction

The equation of state (EOS) of dense hydrogen in the transition region from low to high ionization is a topic
which has initiated many experimental investigations [1-3]. Beginning with the pioneering works of Wigner
and Huntington [4], Abrikosov [5], and Ashcroft [6], also numerous theoretical studies were performed; see,
e.g., [7-15]. The general conclusion derived from this experimental and theoretical work is that dense hydrogen
and deuterium shows a transition to full ionization at temperatures of about 7' ~ (10% — 10*) K and pressures
beyond 1 Mbar (1 Mbar = 100 GPa = 10! Pa). However, many questions concerning the mechanism and type of
this transition remain open, for instance, whether it is a first-order phase transition with a discrete jump in density
and a corresponding latent heat or a continuous transition [10, 11, 14-17].

Recent shock-wave experiments were able to reach temperatures in the region 7' ~ (103 — 10%) K and pres-
sures beyond 1 Mbar and provided detailed information on the EOS and the transition to full ionization by
measuring simultaneosuly the conductivity and/or reflectivity [18-24]. For instance, metal-like conductivities
have been observed in shock-compression experiments by using a two-stage light gas gun in the fluid domain
around 140 GPa and 3000 K [18]. Furthermore, significant discrepancies between the Hugoniot curves derived
from laser-driven [19,20] and magnetically-launched flyer-driven [25] shock-wave experiments have to be stated
in the region above 40 GPa. The latter results coincide with theoretical equations of state such as the Sesame ta-
bles [8] and molecular dynamics simulations within the generalized gradient approximation of density functional
theory [26,27] as well as with path-integral Monte Carlo simulations [28]. Chemical models using concepts of
linear mixing [29, 30], however, are able to reproduce the increased compressibility found in the laser-driven
experiments around 100 GPa. Inspection of the reflectivity data along the Hugoniot gives clear evidence for a
transition from a nonconducting, molecular state at pressures below 20 GPa to a fully ionized plasma with a
reflectivity of about 60-70% [31].
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Both effects, the transition to metallic-like behavior and the increased compressibility, would substantially
change our present understanding of the behavior of hydrogen at ultra-high pressures which is the basis for
models of planetary and stellar interiors and inertial confinement fusion studies.

In this paper we give a critical discussion of the transition to high ionization by calculating several thermo-
dynamic functions by means of optimization principles. For instance, the chemical approach first developed by
Saha is based on the assumption of chemical equilibrium between charged and neutral species. The set of Saha
equations is equivalent to minimize the free energy of the sytem with respect to the degree of ionization and
dissociation, respectively. Recently, we have derived a new expression for the free energy [32, 33] within the
framework of the chemical picture. By minimizing the free energy with respect to the degree of ionization «
and the degree of dissociation 3, we have calculated the isothermal equation of state (EOS), the isentropes, and
the Hugoniot curves, see also [34,35]. In this paper, we study the behavior of the pressure, the free energy, the
enthalpy, and the entropy in the transition region.

2 Hydrogen equation of state in the chemical picture

First we present the chemical approach to the free energy of dense hydrogen which was applied recently to
temperatures between 2000 and 10000 K [32,33]. The effects of pressure dissociation, Ho = 2H, and ionization,
H = e + p, are taken into account so that the transition from a molecular fluid at low temperatures and pressures
through a partially dissociated, warm fluid at medium temperatures of some 1000 K to a fully ionized, hot plasma
above 10 000 K can be explained.

In this region, hydrogen consists of two main components, the plasma (electrons and protons) and the neutral
fluid (atoms and molecules). Correspondingly the free energy expression for a two-component system of neutral
(Fie) and charged particles (F}),

F(V.T,N) = Fne(V,T,N) + Fu(V.T,N), M

combines results for the fully ionized plasma domain [11] with improved data for the dense, neutral fluid con-
sidering pressure dissociation [36,37]. Both contributions to the free energy are split into ideal and interaction
parts. We take into account the interactions in the neutral and in the charged subsystem, respectively, while the
interaction between charges and neutrals is accounted for by the reduced volume concept.

Instead of going into details we discuss here only the principal structure of the free energy in the chemical
approach as function of the variational parameters. We consider hydrogen at fixed temperature 7" and total proton
density n = ny, + n, + 2n,,, where n,, is the free proton, n, the atomic, and n,,, the molecular number density.
For simplicity, the formation of other species as Hi and H~ will be neglected. The condition of charge neutrality
requires then that the electron and proton density are always equal, i.e. ne = ny,.

The degrees of ionization o and dissociation /3 can be defined via the following relations [32]:

n n 2n n
a = pvﬂa: avﬂm: mvﬂd: -
n n n

Ng + 2N, )
We note that 3, is the relative amount of protons bound in atoms and (3,, is that of protons bound in molecules.
(4 is the degree of dissociation of molecules into atoms in the neutral subsystem.

The free energy has to be minimized with respect to these variational parameters. A first systematic study of
this variational problem was performed by Graboske, Harwood, and Rogers [7]. We take into account free elec-
trons and protons, atoms, and molecules since molecular ions play no role at the high densities we are interested
in. Thus, we have only two independent variational parameters, « and one (3. Due to the balance equation for the
total proton density n, we find the relations

Ba=a(l=B4q), fm = (1 —a)(1 = Ba). 3

It can be shown that atoms appear only in a rather narrow region of the density-temperature plane. Therefore,
we may assume in a simplified approximation 3, = 0 and (,, >~ 1 — «, so that « remains as the only free
parameter. Since the plasma and the molecular gas are the most relevant reference states for hydrogen, we will
use the parameters « (degree of ionization) and (,, (degree of molecule formation) as independent variational
parameters.

(© 2005 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim



162 W. Ebeling, H. Hache, H. Juranek, R. Redmer, and G. Ropke: Pressure ionization

We start from the free energy per volume

F
T7 3 L, = 317 4
F(Tmizy) = 3 @
which has the dimension of an energy density or pressure. Alternatively, also the free energy per proton in units
of kpT can be used as a dimensionless quantity,

F

T, n; = .
¢( anwxvy) kBTNp

(%)
Both thermodynamic quantities depend only on four independent parameters. Instead of the total proton
density n we may also use the mass density ¢ = my,n. The variational parameters are the degrees of ionizaton x
and dissociation y. In thermodynamic equilibrium we have ¢y = « and yg = (3,,, which have to be distinguished
from the running variational parameters.
The equilibrium composition is found by the minimization procedures

F(T,m52,y) —min or §(T,n;z,y) — min. ©)

In the special case that the minimum is located inside the simplex, the variation may be replaced by the differential
conditions
0 0 1) 1)
of o of 0 _y 02

= _— = — = U. 7
TR R i i ™

The minimum values are the real degrees of ionization and dissociation,

Q= Tmin ﬁ = Ymin, ®)

where [ is one of the three dissociation parameters introduced above.
We discuss now in brief the different contributions to the free energy per proton. According to Eq. (1) we
assume the decomposition [32],

¢ = ¢ne + ¢pla )

where the contribution of the neutrals has the form
Pne = ¢4 + 14 + it (10)

We have performed classical Monte Carlo simulations with several thousand particles in a box for partially
dissociated, fluid hydrogen for a grid of temperature and density points in the region 7' = (2000 — 10 000) K and
0= (0.2 — 1.1) g/lem®. Effective pair potentials of the exponential-6 form were used to model the interactions
between the molecules and atoms in the dense fluid. The dissociation equilibrium Hy = 2 H was solved by
taking into account the correlation parts of the chemical potentials within fluid variational theory [36,37]. The
Monte Carlo data for the interaction contribution can be interpolated accurately within an eight-parameter fit
with respect to density and temperature leading to an analytical expression for the free energy density; for details,
see [32]. It gives the thermodynamic functions on the basis of density- and temperature-dependent hard sphere
radii. For temperatures above 20 000 K, a Carnahan-Starling expression with a fixed hard sphere diameter was
used. In the intermediate temperature region we have interpolated between both expressions.

The contribution of the plasma has the structure

Gpt = B0 + B + Bee + Pii + Pie- (11)

The first terms describe the ideal contributions of the electrons and protons. The interaction contributions of
the charged component account for correlations and exchange in the electronic and ionic subsystem, and the
electron-ion screening. They are treated in terms of Padé approximations which are based on analytical results
for the quantum virial expansion [38].
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3 Pressure ionization and reduced volume concept

In this section we study in particular the influence of the spatial effects expressed by different effective radii of
the neutral species.

(i) Repulsive atom-atom interactions. As pointed out above we apply for temperatures below 10 000 K fluid
variational theory considering pressure dissociation [37]. For temperatures above 20 000 K we use the Carnahan-
Starling approximation fps for atoms with an effective hard sphere radius R,, and a packing parameter n, =
4 p3 .

TR, (g +2n4y,):

(4n —31°)
2
(1—=n)
We consider molecules formally as consisting of two atoms. This is not a serious approximation since the

molecular fraction is small in the temperature region studied in the present work. For the parameter R,, we use
here a value of R ~ ap. A slight modification of this value does not change the results very much.

fhs = kBT(na + 2nm) (12)

(ii) Repulsive interactions between charges and neutrals. For the ideal free energy density of electrons fi¢ we
apply Fermi-Dirac statistics. Furthermore, we take into account corrections due to an excluded volume so that
the free energy density is given as [40]

N A3
2V, )

fe :nekBTZ( (13)

The function z(x) was originally introduced by Zimmermann [39] and interpolates between the low-density
limit, z(z < 1) ~ Inz — 1, and the high-density limit, z(z > 1) ~ x3; see also [40]. A, = h/\/2rm kT
is the thermal wave length of electrons. The thermal wave lengths of protons, atoms, and molecules (A,, Ag,
A,,) is defined correspondingly. The volume V, = &£,V is the free volume approachable for electrons. The
excluded volume factor £, < 1 expresses the fact that a part of the total volume V' is occupied already by atoms
and molecules and, because of Pauli blocking effects, is not accessible for free electrons. At high densities the
accessible volume V., = &.V for the electrons is considerably smaller than the total volume and, therefore, the
effective densities are higher and the Pauli pressure increases. A strict theory for the excluded volume effect is
not available yet. We will use the following ansatz for the excluded volume factor,

5(77e)=E:1—77e, (14)

|4
where 7, = gnge (ng+2n,,) defines the packing fraction of atoms with respect to free electrons, i.e. the radius
R,. is the smallest distance to which free electrons can approach atoms.

We have to chose values for this radius. The estimate R,. = 1.0ap is based on the naive idea that free
electrons cannot be localized within the first Bohr orbit of the hydrogen atom. Several studies within the so-
called confined atom model [7] have shown that a hydrogen atom is already destroyed if the wall is placed at
2 ap. Therefore, we consider R,. = 1.5 ap as a reasonable approximation in what follows.

The same arguments apply also for the ions so that the ideal free energy density of protons f;;d can be written
as [40]

! = npkpT [In (nyA) — 1] — nypkpT In(l — ;). ()

The first term is the classical expression and the second one describes the excluded volume effect.

4 Composition and thermodynamic functions

The thermodynamic properties are obtained by minimizing the free energy with respect to the degree of ionization
and dissociation. The behavior of the degree of ionization a and of molecule formation 3, at 7' = 20 000 K,
10 000 K, and 5000 K is shown in Fig. 1. Most interestingly, the degree of ionization increases abruptly at
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a certain density which is known as pressure ionization. The excluded volume factor strongly determines the
location of this transition. The corresponding curves for the pressure are displayed in Fig. 2 and show a van der
Waals wiggle for 7' < 18 000 K, pointing to the existence of a pressure-induced phase transition in the transition
region. The pressure amounts about P ~ 10'2 Pa = 10 Mbar in this transition region, in qualitative agreement
with earlier estimates [32,33] and with the transition pressure to a conducting state observed experimentally [18].

In order to study the thermodynamics in the transition region in more detail, several thermodynamic functions
were calculated in addition. We present in Fig. 3 the free energy, the internal energy, the enthalpy, and the entropy
for a supercritical temperature of 7' = 20 000 K and a subcritical temperature of 7' = 5000 K. We note that the
calculations do not include any Maxwell construction for the pressure. At the same position where the pressure
shows a van der Waals wiggle, the free and internal energy have a concave (from below) region pointing to the
instability leading to the transition.
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Fig.1 Degree of ionization « (thick lines) and dissociation 3, (thin lines) in hydrogen for the temperatures 5000 K, 10000 K,
and 20 000 K as function of the particle density n. The hard core radii are Rqq = Rae = 1.5a5.
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Fig.2 Pressure in hydrogen in Pa (log-scale) for the temperatures 5000 K, 10000 K, and 20000 K as function of the particle
density n. Pronounced van der Waals wiggles are to be seen for 7" < 20 000 K; the critical temperature is estimated to be
Ter ~ 18 000 K.

The slope of the curves for the thermodynamic functions shown in Figs. 3 is similar to those obtained recently
by Juranek within fluid variational theory [41]. The 20 000 K-isotherm for 7'S increases monotonically, while
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the 5000 K-isotherm shows a wiggle which is connected with the behavior of o and (3,,,. The free energy per
proton F' has a minimum for both temperatures, and the internal energy per proton U as well. The enthalpy per
proton G = U — T'S has a wiggle at the lower temperature 5000 K that stems from the behavior of T'S.

The temperature dependence of this transition to full ionization, also known as plasma phase transition, is
demonstrated in Fig. 4. We see that the transition density decreases with temperature and that the density jump
is rather small, less than 10%. For T = 5000 K we find a discontinuity between (4.17 — 4.57) x 10?3 cm~3,
and for T = 10 000 K between (4.27 — 4.68) x 1023 cm~3. Furthermore, the related entropy jump is also rather
small. We can give an estimate as TAS/AV ~ 10! Pa = 1 Mbar. From the Clausius-Clapeyron equation

dP _ AS

dl AV
follows that the coexistence line should have a small negative slope. This agrees with earlier findings of Beule et
al. [42] and Saumon and Chabrier [14].
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Fig.3 Free energy F', entropy TS, enthalpy H, and internal energy U in hydrogen for a supercritical temperature of 20000 K
and a subcritical temperature of 5000 K as function of the particle density n.

5 Discussion

The present work is based on the chemical description of plasmas in combination with a minimization procedure
for the free energy with respect to the degree of ionization « and the degree of molecule formation 3,,. The
plasma is considered as a mixture different species: free electrons, free ions (protons), atoms, and molecules.
The free energy of this mixture is calculated based on

e the quantum-statistical theory of fully ionized plasmas leading to first-order nonideality corrections at low
or high densities, respectively,

e Padé¢ approximations connecting the low-density region with the high-density region,

o fluid variational theory for neutral hydrogen which proved to be a very good approximation for the temper-
ature region 7' < 10 000 K,

e Carnahan-Starling approximations for the neutral component in the region of higher temperatures 7' >
20 000 K, which model the neutral particles as hard spheres.
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Fig. 4 Pressure isotherms for 5000 K and 10 000 K for a wide range of densities in Pa (log-scale). Unlike the calculations
for Fig. 2 we have chosen now R,. = 2ap which gives a lower transition pressure. The isotherms show a sharp van der
Waals wiggle, pointing to a first-order phase transition at the density n = 4.5 x 10?* cm 3.

By combining these different theoretical expressions we have derived the free energy of the mixture, where
the composition parameters (the percentage of protons which are free or bound in atoms or molecules) appear as
free variational parameters. The real composition is obtained by minimization of the free energy. This procedure
is carried out by means of a MATHEMATICA program, which is (in principle) able to yield compositions for
any given density and temperature as well as all thermodynamic function of interest. The progress is based on
the formulae given in Refs. [32,42], including also reduced volume effects.

This work is devoted to hydrogen. In order to use the present hydrogen EOS also for deuterium, mass scaling
can be applied for the interpolation formula of the interaction contributions. It is assumed that the same par-
ticle numbers for hydrogen and deuterium lead to the same degree of dissociation and to identical interaction
contributions to the thermodynamic function of the neutral fluid for a given temperature.
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