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We study the role of nonlinear effects in a classical oneetisional model of a conducting electron—ion system.
In particular we investigate the excitations of stronglyiieear deformed phonons (cnoidal waves, solitons)
on electric currents. We show that in a nonlinear lattice s type of dynamic bound states of solitons and
electrons ("solectrons”) may be formed. In our simulatioves use Langevin dynamics witN = 10 ions
and periodic boundary conditions. The electron-ion irttoa is modelled by screened Coulomb forces with
appropriate cut-off at small distance; the ion-ion intéiacis approximated by an exponential repulsion. Under
the influence of a weak external electrical field, the chaggeticles and "solectrons” yield a stochastic current
in the direction of the field. We study several mechanismsetoegate and maintain the "solectrons”. Then
we show how the system develops driven ionic solitons mowjpposite to the field. Since the extra current
driven by the solitons is (nearly) independent on the esefield we find a strongly nonlinear current field
characteristics corresponding for small fields to a higleigducting state.
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1 Introduction

We study here the influence of nonlinear ionic excitationghenelectric conductivity of dense plasmas. For
simplicity we restrict our investigation to one-dimensibilD) systems. The first theory of conductivity in
electron-ion systems is due to Drude (1900). His "ansatBaised on the asumption that the electrons, as well
as the ions, are subject to friction forces and form in exdkfields a stationary current. For a survey of the
recent state of art in the transport theory in dense Coulosystems as e.g. solids and dense plasmas we refer
to [1-3]. It has been shown that different elementary ekoita like plasmons, phonons, polarons, and excitons,
determine in one way ore another electric conduction [1]s@fcial interest is the influence of bound states on
conductance [2, 3]. Less studied are the effects of nonlieecitations, in particular soliton effects. Recall that
the soliton concept, and the coinage of the word solitorginates from plasma physics and in particular from
the pioneering work of Zabusky and Kruskal (1965) on soltana collisionless plasma [4]. Far more recent
studies are devoted to the one-dimensional case (see Be®j).[ Here we are interested in analyzing dynamic
bound states, created by deep local potential minima dudinear excitations. We study the role of dynamic
bound states between electrons and solitons (called sofex¥) [10, 11]. These bound states are metastable in
equilibrium systems and may lead to nonlinear conductaffeete if appropriately maintained under nonequi-
librium conditions. The 1D system studied here consistsvoftypes of charged masses (caricatures of "ions”
and "electrons”) which are moving on a line (it could be cdesed as a wire) with periodic boundary conditions
(alternatively we can speak about a ring) according to akkangevin dynamics. The 1D-lattice bearing the
charges is imbedded into a 3D-medium which creates disagpand screening effects and is the carrier of the
field lines. Therefore the interaction of the charges is 3HBmbic. Note the similarity with a polymer strand
carrying charges imbedded into a dielectric medium [9, E8]lowing the pioneering work of Toda [13], studies
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of one-dimensional nonlinear lattices have significantigtcbuted to the understanding of nonlinear excitations
in various physical systems [14, 15]. Of special intereshéscoupling of finite size nonlinear rings to a heat
bath and properties of the resulting excitation spectra]8§ The thermal excitations in ring chains with Morse
potentials (akin to the Lennard-Jones) and small partiolalrer N were investigated in [19]. Here we report
on new results on electrical transport under the influenaxtgrnal fields [10, 11] and hence situations far from
equilibrium. As shown earlier, we may drive a nonlineari¢attaway from equilibrium by applying dissipative
forces [20—22] and excite "dissipative solitons” [23—2A&hother concept which plays an important role in our
problem, is that of active Brownian motion [28, 29].

2 Interactions and electron-ion dynamics

Let us stay on the same classical level as the Drude theorstartdvith Langevin equations fo¥ electrons (mass
me, charge—e) and N ions (massn, charge+e) moving on a chain of lengtlh = No with m, < m with
periodic boundary conditions. We assume that the lattigaliedded into a surrounding reservoir which creates
screening, friction and noise. Take theelectrons located at the positiops moving in the nonuniform, and,
in general, time-dependent electric field generated by tis#tipe ions located at;, and by the other electrons.
The effective interaction between two electrongaandy; (distance:r;; = |y; — y;|) is modelled by the
guantum-statistical (screened) pseudo-potential of gc€utsch type [30]

62

Uee(rij) = ~— lexp[—rri; — exp[—ary]] 1)
3

The quantum effects are expressed by one constaritich is in a first-order approximation given by [30]

a= (V7/\) + (kT/e*)In 2, A\ = h//mekT )

Furtherx is the screening parameter, which is in our model a consgfirtet by the medium in which the lattice
is imbedded. We assume here~ 1/0, whereo is the average equilibrium distance between the electroms.
simplify the simulations we linearize the exponential fast

Uee(rij) = € [(04 —K) = g(OéQ - ’12)} if i <Te (3)

Uee(rij) =0 if rij > re =2/(a+ K) (4)

Due to the quantum effects (Heisenberg- and Pauli-effgitts)electron-electron interaction is rather weak [30]
and may be neglected in many cases. The electron-ion ititanas described by an appropriate pseudo-potential
V (r;1) with finite value at small distance [31] including also scrieg:
€eeL
Uei(rji) = V(rje) — . (exp[—rrjr] — 1), Tik = |y; — wkl (5)
J
Again we use a linear approximation leading to a shifted patential

eer

1/7’32‘1@ + h2

Usi =0 ’Lf Tjk > To =

Uei(rjr) = — + eerk if rik < T, (6)

3 9
3% K2 = 102 + h2. @)

This potential is of finite range and finite strength and hasi@mum valueU,,;,, = eex(k — 1/h), where
h ~ o/2is a free parameter which determines the short-range €uto€ordingly, the electrons would be able
to transit from one to the other side of an ion and yield anted@ccurrent opposite to the ion current. Let us
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consider an electron between 2 iansat distanceR. If the electron is shifted by the distanedrom the center,
it feels the potential{ = 0)

U(2) —2eey 1 n 1
x) =

R | \/(1+2z/R)?+4(h/R)? /(1 -2z/R)?+4(h/R)?
If the ions are far apart, the local minimum generated by a g@fanearby ions is at the position of the nearest
ion (Fig. 1). However if the electron is somewhere betweeniagf ions with much reduced distance, the local

potential created by the ions may offer a minimum, dependmthe distance of the two ions, and the electrons
may feel the local compression of the ions (Fig. 1). The depthe minimum is

(8)

U(0) = — etk (©)
VR? + 4h?
'2‘——_';‘7*; T T [ —
0.8
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2.5 T ...
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g
?5 Fig. 1 Effective potential/ (z)/(e”/R) acting on an elec-
35 tron placed between two nearby lattice particles as a func-
tion of the lattice spacing, the relative deviation from the
centerz/R and the parametedd = h/R. For smallH the
4+ minima are near to the lattice particles. Asgrows, for
example becaus& is small due to a local compression,
the maximum in the center yields to a minimum midway
-4.5 _0' ] -ol 5 (') 0'2 0'4 between the two lattice particles, which may give rise to a

xIR ’ ’ local bound state.

For the electron dynamics we assume

dvj Y OUei(ys, xx) + Uee(yj, yi))
dt meO0Y;

=~ VEDL&() (10)
k

The evolution of the electrons is considered passjve ¢ 0, positive damping for all velocities) argdt) denotes

a Gaussian white noise. The corresponding stochasticfgfe®. ¢;(¢), model a surrounding heat bath obeying
a fluctuation-dissipation theorem. Due to the large difieeeof the masses{ ~ 103m.), the friction acting on
the electron is small relative to the friction acting on tbesm.vy. < m~yy. The character of the dynamics of an
electron strongly depends @mand on the positions of the nearestions. For instance: fixf0.50, then if ions

are at equilibrium distances, the resulting potential ertydlat. If the ions are compressed to abdipercent of

the previous distance, the resulting potential shows anrdpe center between the two ions, (iiyif~ 0.3, then

if the ions are at equilibrium positions, the potential maiare shifted to their location. Therefore by varying the
compression and the parametewe are able to shift the potential minimum (the favorite pléar the electron)
either to the place of the lattice centeks+ 0.30) or we can create a flat profile, which generates minima only
for strong (soliton-like) compressions (Fig. 1).

The heavy ions have their own evolution independent of thHtenlight electrons. We use adiabatic approxima-
tion. Then for the lattice we considér identical Brownian point-particles with massesand charges-e located

on the line with periodic boundary conditions. The parScége described by coordinates(t) and velocities
Uk(t),k: 1,...,N.

T+ N = Tk + L. (11)

The interaction between two neighbour lattice particlested atc, andx;, is given by

2
Us(r:) = Upi(ri) + ﬁ expl—r|r] (12)
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with r; = 241 — ;. HereU' models a short range repulsion of the ion cores aris the Debye screening
parameter. Due to the repulsive forces, the ions form inliggivim an equidistant lattice, the equilibrium distance
o will serve as the unit length in our analysis. The motion af thttice particles is essentially a nonlinear
oscillation around the equilibrium distances. Thus we capr@ximate the lattice interaction (12) by a two-
parameter exponential approximation

UE(r) = 3 exp(~b(r: — o)) (13)

This exponential pair potential was studied in detail by &¢#i3]. The parameters of this potential are the
mean distance > 0, the stiffness of the lattice repulsion and the amplitude Toda’s potential yields an
exactly solvable model, in two extreme limits it reducesite hard sphere interaction and to harmonic forces,
respectively. We see from Taylor expansions of eq.(13) amah frig. 2 thatw? = ab/m corresponds to the
basic oscillation frequency, and thai? controls the anharmonicity of the forces. The lattice dyitans in

first approximation harmonic (Fig. 2), corresponding toikketions with the frequencyy = y/ab/m. In the
harmonic aproximation, the characteristic excitatiomsdronons. Note that in the present context, the deviations
from the harmonicity are very essential. Toda studied th@inear dynamics of the exponential lattice in detail
and provided analytical solutions which generalize then@moeconcept. Todas solutions are expressed by elliptic
functions (cnoidal waves) which replace the trigonométritctions (phonons) known from linear theory [13].

0.2
0.15¢

01F

U(x) - U(0)

0.05¢

Fig. 2 The effective potential acting on an ion oscillating

between two fixed neighbours at distarnze in compari-

1 05 0 05 ;1 son with the harmonic approximation. The minimum cor-
x = elongation responds to the equilibrium configuration of the central ion

Beside the earlier described interaction forces we intcedan external electric foreeFs acting on the ion
charges:; = +e. Further - this is an essential feature of our model - we thioe a velocity-dependent force
F(v,) which describes dissipative effects, passive as well ageatissipative interactions with the reservoir, and
corresponding stochastic sources. Then the evolutioreabitis is given by the Langevin equations

UHZ O (5~ _ Lipy p(o) + VaD&(1), (14)
J

moxy, moxy, m

governing the stochastic motion of tféh ion on the ring. The stochastic force®D &, (t) also model a sur-
rounding heat bath (Gaussian white noise). In the passaette forceF'(v) = —m~yyv describes the standard
friction acting on the ions from the side of the surroundiegtbath. We assume again the validity of the Einstein
relationD = kgT~y/m [17], whereT is the temperature of the heat bath. For the dissipativeefone shall
follow Rayleigh and use a model which admits input of energy the system:

F(vg) = myo(p — v /v]) v (15)

In the casg: = —1 andvy — oo we come back to the passive Stokes case. With( there is energy input from
the surrounding medium. The quantjiyis the bifurcation parameter of our problem+£ 0 means no friction,
> 0 models negative friction). The balance for the total enaigyre ionic subsystem reads

dﬂ = myp Z Uk/’Ud vk + m\/_ZUkE (16)
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The sign of the first term on the r.h.s. is crucial for the epdrg@ance as for > 0 the energy input may drive the
system far away from equilibrium [21, 29]. The effects ofiaefriction force were investigated in [11, 21, 29] to
model active Brownian particles that carry refillable ewyadgpots (internal degrees of freedom). For the passive
regimeu < 0 the deterministic dynamics has a single attractar at0. Without noise all particles come to rest
atv = 0. Foru > 0 the pointv = 0 becomes unstable but we have now two additional zeros at

v = tvg = vg\/1b a7)

These two velocities are the new attractors of the free oéstic motion if i, > 0.

3 Results of computer simulations

The differential equations (7) and (14) have been integratemeans of a fourth-order Runge-Kutta algorithm
adapted for solving stochastic problems [32]. We useb the length unit antl/wy = (m/ab)!/? as the time
unit. The electric field strength is measured in utdits = vom.7.0/e and the energy (temperature) in units
Up = abo? = mwia?. In all simulations we set?/(mo) = 0.2U,. All computations start with the initial state
of equal distances between ions. The initial velocitiehefions were randomly taken from a normal distribution
with amplitudewv;,,. This corresponds to an initial temperatdfg, = v? and a Maxwell distribution of the
velocities. We may assume that the initial temperature washed by a heat shock applied to the lattice. Each
electron was placed midway between two ions. The motionsraf and electrons occur in different time scales.
Heavy ions are not affected practically by light electrond alectrons move on the background of the Coulomb
potential landscape created by the ions. The dynamics abtheng with Toda interactions leads to soliton-like
excitations. Typical solitonic excitations corresponddeal compressions moving along the ring. Fig. 3 shows
a characteristic landscape of the electric field createdhbydn configuration at certain time instant. We see a
rather deep potential well moving right to left or left tohigalong the lattice. The light electron may be captured
in this dynamic potential well and may follow the soliton dynics.

VAN NV
N

U(x)
o
/
\

17 \ / Fig. 3 Typical landscape of the local electric field
created by the solitonic excitation. The minimum
-18 corresponds to a local compression of ions which
-4 2 0 2 4 .
X means an enhanced charge density.

In our simulations the integration step is chosen to desarisrectly the fastest component of the process, the
oscillations of the electrons in the potential well.
We are interested here in regimes where solitonic excitatire generated in the ion plasma. As we have
shown in earlier work, most solitons are generated arountestharacteristic temperature defining the soliton-
generating region [18]. In this region besides other efoit@ many solitons are generated. In order to investigate
this effect we start with the case without electric fi€ld= 0, and no friction force$’(v) = 0. In order to generate
many solitons we applied sudden heating and quenching 4fig-lence we used a Gaussian distribution of the
ion velocities corresponding to a high-temperature Makarmehs initial condition of the order éfg T3, ~ 0.1 (in
units of the energy of harmonic oscillations with amplituge This is near to the critical temperatutg 7., ~
0.16, where we are in the soliton-generating region [18]. Thergwench to a low temperature. Some solitons
survive since they have a higher lifetime than most otheita&ttans. Looking at the trajectories we observe the
expected nonlinear soliton-like excitations that decagrad time of the ordet..; ~ 1/+o (Figs. 4 and 5).
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40

30 B

20 1 Fig. 4 Metastable soliton excitations in the 1D- ion sys-
tem. As a result of quenching of an initial state with
T(0) ~ 0.1 ~ Ti, the trajectories of 10 ions generate
left to right and right to left running solitons. A solitonas
local excitation which is detected by the slope of the wavy
trajectories of the ions representing subsequent exailsti

10 1 of the ions. The local compression is running from one
ion pair to the next. Note that there is no mean ion motion
200 e (E.: 0). (Parameter v.aluesyo = Yeo = 0.00045/wo,
t unit of time on the abscissa, (v/5wo).).

Fig. 5 Electron-ion 1D lattice system without external
field. As a result of quenching of an initial state with
T(0) ~ 0.1 the trajectories of 10 ions generate solitons.
As in Fig. 4 the soliton is a running local excitation which
is detected by the slope of the wavy trajectories of the ions.
The local compression is running from one ion pair to the
next. Here an electron has been captured by the soliton and
forms with it a dynamic bound state (solectron). During
this time interval the electronic trajectory is paralletie
"tangent” also providing the solitonic velocity. (Parame-
ter values:yo = veo = 0.00045/wo, unit of time on the
abscissal/(\/gwo), unit of length on the ordinate).

Metastable nonlinear excitations of the lattice exist ailsder equilibrium conditions [18].
In order to maintain the solitonic excitations for a longerd interval we applied the active Rayleigh friction in
the period after heating and quenching. Then the solitoimegecomes a stable attractor of motion [19, 20, 22].
The driven ionic solitons appear moving opposite to the figlde electrons which are coupled to the ions form
dynamic bound states with the solitons ("solectrons”).
Recall that for the passive regime< 0 the deterministic dynamics has a single attracterat0. Without noise
all particles come to rest at= 0. Recall that foru > 0 the statev = 0 becomes unstable and we get the new
stable states

v = jZUO = Ul\/ﬁ (18)

The simulations presented below correspond to the Raykgighoximation withy = 0.25,v4 = 1, m/m,. =
1000, and’}/() = Ye0 = 0.5/WQ.

Since the electrons search for the deepest nearby minimtime @iotential, they will be most of the time located
near to local ion clouds. This is a dynamic phenomenon, ttiedgarticles participating in the local compression
are changing all the time. Hence, the electrons have alwaygartners for forming the "solectron”.

Three stages appear: In the first one the initial state tendse of NV + 1 attractors [20]. The maximal average
velocity among the running waves corresponds to the eimitatith one local compression on the ring. The
attractor, reached by the system without noise and extéedl is defined mainly by the valug,, given by the
initial conditions. With increasing;,,, k-solitonic waves may be excited with increasingThere exists always

a favourite attractor for a given valug,. For our case the initial conditions leads preferentiadtiie one-
soliton attractor. In the absence of the field both directioave equal probability, the field breaks the symmetry.
The value of the cut-off distance in Eq. (5)lis= 0.30. In this case the difference between the maximum in the
electron-ion interaction force and the correspondingeébu an electron and an ion being away from the electron
more thanl.5¢ is less than a factor of 10. To simplify, the parameters ohBaida and Coulomb potentials, of
the Rayleigh force, the friction coefficients, both massed eharges of particles were held fixed. The initial
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velocitiesv;,,, the values of the external field and the electronic tempegdt are varied in different runs.

In Fig.6 we show a computer simulation of the evolution of dflite particles creating one dissipative soliton
which moves in opposite direction. After a transient timeaal, most of the electrons are coupled to the soliton
and move approximately with the soliton velocity in the difen opposite to the ions. In the driven cagex 0)

20

0

-20

-40

-60

Xy

-80

Fig. 6 Electron-ion 1D-lattice including an extrernal field.
Trajectories of 10 lattice particles moving left to righeer
ating one fast dissipative soliton moving in opposite direc
tion and trajectories of 10 electrons captured in part by
160, : : : the soliton which is maintained due to the energy input

50 100 150 200
t (n = 0.25).

-100

-120

-140

the ions make a drift following the direction of the field. Agafter a transitory regime, solitonic excitations
of the ions are formed moving with velocity,; opposite to the mean motion of the ions. As earlier indicated
the electrons "like” the deep potential well formed by thedbcompression connected with the soliton. After a
while the electron is captured by the local compressionsnameks with the soliton velocity opposite to the ion
drift.

4 Influence of nonlinear exciations on the currents

The currents on the ion-electron line are determined byldatrens. The electron current density of the electrons
is given by averages of the electronic velocitigls= y; taken over long trajectories

Je = —nee Z(U]e> (19)

Note that the currents do not depend practically on the valulee field in a wide range of values, limited both
from below and above (Fig. 7). We introduce a charactenstioe of the fieldE&,, which corresponds to that
field which would drive a free electron with friction to the velocityvy. We see a strongly nonlinear current-
field characteristics with a region of constant currentgsponding to zero differential conductivity). At very
small field values there is a gap in the current as a functigth@fexternal field. In the narrow region around
zero field we could not find reliable data from the simulatioFise existence of a current gap may be considered
as a hint for the existence of rather high conductivity. Ferywlow external fields we cannot specify in our
computations the direction of soliton propagation, theyitnavel in either direction. On the other hand at very
high external fields, the external forces do not allow etetdrto be trapped by the dynamic potential well. In Fig.
7 the current curves for negative external fields were caod from symmetry considerations, we confirmed
however several points on this branch by extra calculations

5 Discussion

By computer simulations of the evolution of the electron-gystem described by Eqgs. (5) and (11) we have
shown an enhancement of the currents in comparison to the-@xuighe current at weak electric fields. This
enhancement is due to the fact that some of the charge cather’solectrons” move with soliton velocity [13]

sinh x

(20)

Usol = W00
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NAAY A

Fig. 7 Electron-ion stationary currents corresponding to the adglissipative solitons stabilized by negative friction=
0.25, as functions of the field strength. The dashed straightgines for comparison the linear Ohm-Drude current.

wherey is the width of the solitons, which depends on the stiffnebthe soliton energy. The stiffness parameter
x is given by the nonlinear equation

1
sinh y coshy — x = 51)26501 (21)

Solitons move supersonically amg,; may be rather high for large stiffness of the lattice. Therfola (20) is
exact only for the conservative case and gives still a goguagimation for smally. With increasingu the
soliton velocity approaches) = vi,/i, which depends only on the driving strength and not on tHnetis.
Therefore the region of interest (in the context of solitah@&ncement effects) are largeand smallu- values.
This underlines that the active friction is of limited redece in this context, it is just an auxiliary factor which
indeed serves to maintain the solitons in the spirit of LoayIRigh’s approach.

A most interesting property of the soliton effects studiedehis that the currents switch on at rather small fields
and do not depend on the electrical field in a wide region. \Releis only the symmetry breaking by the field.
This reminds magnetization phenomena, charge transp&ii [12] and high-T superconductivity [33]. Let
us conclude with a brief discussion about the possible inflaef quantum effects on our results: The "dynamic
bound states” described here are classical phenomena. plesnguantum theory of these effects seems to be
out of range at this moment, due to the transient charadterr(inning) of the solitonic minima. One possible
approximation is the tight-binding model [12]. A simpleigsdte of quantum effects is provided by the adiabatic
approximation. This is based on the assumption that theifigrof the wave functions occurs in the running
minima on a shorter time period than the shift of the minimanimex,,,;,, (t) ~ vy, t. In the adiabatic approach
the quantum states may be estimated by a parabolic approaimad the solitonic minima shown e.g. in Fig. 3:

Usat(t) = 50200 (& = 0min () 22)

We find in this approximation the harmonic oscillator levels
1

which may be filled by electrons according to the Pauli ppleeiln the simplest case of a flat solitonic minimum
or low electronic density, just one pair of electrons wittpogite spins will occupy the lowest bound state. This
way we may find a specific electron pairing effect caused bystiigonic excitations. A more detailed study of
guantum effects as well as the investigation of band strasfwve leave to future investigations.

In conclusion, we have shown the significance of nonlineliective excitations in one-dimensional plasmas
and, in particular, the possible role of soliton - electrombd states called here "solectrons”. The authors thank
M. Alonso, D. Hennig, G. Nicolis, G. Ropke, and A.C. Scott &lvice and fruitful discussions.
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